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Notation 


Notation 


Standard symbols 


is equal to 

is not equal to 

is approximately equal to 

is less than 

is less than or equal to 

is greater than 

is greater than or equal to 
non-negative square root 

infinity 

the irrational number 3.14159... 
the irrational number 2.718 28... 
(also the identity element of a group, or the eccentricity of a conic) 


0383 VVIAA RHN 


n! n factorial: 0! =1, n!=nx(n—1)x (n-—2)x---x3x2x1 forneN 


ios Me Y for k < n and k,n € N 
inomial coefficient: A mar or k < n and k,n € 


Standard sets of numbers 


R set of real numbers 

Q set of rational numbers 

Z set of integers, {...,—2,—1,0,1,2,...} 

N set of natural numbers, {1,2,3,...} 

C set of complex numbers 

Z set of integers modulo n, (0,1,...,n—1) 
nZ set of integer multiples of number n 


Rt set of positive real numbers 
Qt set of positive rational numbers 
Z+ set of positive integers (equal to N) 


R* set of non-zero real numbers 

Q* set of non-zero rational numbers 

Z* set of non-zero integers 

C* set of non-zero complex numbers 

set of non-zero integers modulo n, {1,2,3,...,n— 1} 


R? set of all ordered pairs of real numbers, also called the plane 

R? set of all ordered triples of real numbers, also called three-dimensional space 
R” set of all ordered n-tuples of real numbers, called n-dimensional space 

R set of all infinite sequences of real numbers, ((v1,v2,U3,...) : vi € R} 


Notation 


Greek alphabet 


a A alpha n H eta v N mu T T tau 

6 B beta 0 © theta E E Xi v T upsilon 

y TI gamma ¿ I iota o O omicron ġo Ọ® phi 

ô A delta k K kappa a H pi x X chi 

€ E epsilon A A lambda p P rho y V psi 

C Z zeta u M mu o Y sigma w Q omega 

Notation introduced in Introduction (Book A) 

Lx,y,-..,2) set of elements listed in {... } 

El set of all x such that... 

(a,b) open interval, excluding endpoints a,b, {z :a < x < b} 

[a, b] closed interval, including endpoints a,b, {x :a < x < b} 

(a, b] half-open interval, excluding a, including b, {£ :a < x < b} 

(a, b) half-open interval, including a, excluding b, (1: a < x < b} 

(—oo, a) open interval, {x : x < a} 

(—oo, a] closed interval, {x : x < a} 

(a, 00) open interval, {x : x > a} 

[a, 00) closed interval, {x : x > a} 

D empty set 

acA a is an element of set A 

a¢ A a is not an element of set A 

ACB set A is a subset of set B 

ACB set A is a proper subset of set B 

A=B set A is equal to set B, AC Band BCA 

AUB union of sets A and B, {x:x € A or x € B} 

ANB intersection of sets A and B, {x : x € A and z € B} 

A-B difference between sets A and B, {x : x € A, 14 B} 

Ed modulus of real number x 

eal integer part of real number x 

— maps to, for sets 

—> maps to, for variables 

gof composite function with rule z œ> g(f(x1)), where f and g are functions 
=A inverse of function f 

sin”? inverse of function sin (similarly for cos, tan, sinh, etc.) 

exp the exponential function f(a) = e” 

f'(x), f"(x) first and second derivatives of function f at x 

> tends to (for asymptotic behaviour and limits) 

|v| magnitude of vector v 

0 zero vector (or zero matrix) 

i,j,k unit vectors in the directions of the z-, y-, z-axes, respectively 

(a,b) a vector in R? written in component form 

(a,b,c) a vector in R? written in component form 


Notation 


u-v scalar product of vectors u and v 

v unit vector in the same direction as vector v 

AB a vector represented by a line segment from A to B 
z+ iy a complex number, where x and y are real numbers and i? = —1 
Z complex conjugate of complex number z 

|z| modulus of complex number z 

Rez real part of complex number z 

Imz imaginary part of complex number z 

arg z an argument of complex number z 

Arg z principal argument of complex number z 

P=> 0 if P, then Q (P implies Q) 

P 4 Q P if and only if Q (P is equivalent to Q) 


Vv the universal quantifier, ‘for all’ 
= the existential quantifier, ‘there exists’ 


a=b(modn) a is congruent to b modulo n 


A +n b remainder of a + b on division by n 

a Xn b remainder of a x b on division by n 

TY x is related to y (by a particular relation) 

LLY x is not related to y (by a particular relation) 

[x] equivalence class of x (with respect to a particular equivalence relation) 
e eccentricity of a conic 


Notation introduced in Linear algebra (Book C) 


ri Ty interchange r; and rj 

ri ar; multiply r; by a (non-zero) 

rj—-r;+ fr; change r; to r; plus Br; 

(aij) matrix with (i, j)-entry aj; 

(A | b) augmented matrix of system Ax = b of linear equations 
(A | I) matrix A augmented by matrix I 

Om,n zero matrix of size m x n 

In identity matrix of size n x n 

AT transpose of matrix A 

At inverse of matrix A 

det A determinant of matrix A 

Aij cofactor associated with entry a;; of matrix A 
Mm,n set of all m x n matrices with real entries 

Pa set of all real polynomials of degree less than n 
(S) span of finite set S of vectors 

VE E-coordinate representation of vector v (coordinates with respect to basis Æ) 
dim V dimension of vector space V 

iy identity linear transformation of vector space V 
Imt image set of linear transformation t 

Kert kernel of linear transformation t 

S(A) eigenspace corresponding to eigenvalue A 


Notation 


Notation introduced in Group theory (Books B and E) 


S(F) set of all symmetries of figure F, a group under function composition 
S+(F) set of all direct symmetries of figure F, a group under function composition 


S(A) group of all symmetries of the equilateral triangle 

S(O) group of all symmetries of the square 

So) group of all symmetries of the rectangle 

S (+) group of all symmetries of the 4-windmill 

S(O) (infinite) group of all symmetries of the disc 

ro rotation through 0 (anticlockwise) about the centre of a disc (or the origin) 

do reflection in the line through the centre of a disc (or the origin) at angle 9 (anticlockwise) 


to the horizontal 


(G, o) set G with binary operation o 


|G| order of group G 

(x) cyclic group generated by x 

e identity element of a group 

gt inverse of group element x, in multiplicative notation 
—zx inverse of group element x, in additive notation 


is isomorphic to 


V Klein four-group 

Cn standard abstract cyclic group of order n (the cyclic group of order n) 

Un set of all integers in Zp coprime to n, a group under Xn 

Sn symmetric group of degree n (of order n!) 

An alternating group of degree n (of order n!/2 for n > 2, and order 1 for n = 1) 
Di dihedral group of order 2n (the symmetry group of an n-gon), n > 3 


Qs quaternion group of order 8 

GL(2) general linear group of degree 2 (invertible 2 x 2 matrices under matrix multiplication) 

SL(2) special linear group of degree 2 (2 x 2 matrices with determinant 1 under matrix multiplication) 
D group of invertible 2 x 2 diagonal matrices under matrix multiplication 

U group of invertible 2 x 2 upper triangular matrices under matrix multiplication 

L group of invertible 2 x 2 lower triangular matrices under matrix multiplication 

GL(n) general linear group of degree n (invertible n x n matrices under matrix multiplication) 

SL(n) special linear group of degree n (n x n matrices with determinant 1 under matrix multiplication) 


frac(x) fractional part of real number x 


gH,Hg left coset and right coset of subgroup H in a particular group 

A-B composite, under set composition, of subsets A, B of a group (G,o), [aob:a € A, be B} 
G/N quotient group of group G by normal subgroup NV 

gHg* conjugate subgroup of subgroup H by group element g 


K(mod ny least residue of k modulo n, the reminder of k on division by n 


Imo image of homomorphism q 
Ker @ kernel of homomorphism q 
gAz set element obtained when group element g acts on set element x 


Orb x orbit of x 
Stab x stabiliser of x 
Fix g fixed set (or fixed point set) of g 


Notation 


Notation introduced in Analysis (Books D and F) 


max E maximum element of set E 
min Y minimum element of set E 
sup E supremum (least upper bound) of set E 
inf E infimum (greatest lower bound) of set E 

Va nth root of non-negative real number a 
(an) sequence of numbers, a1, @2,... 

lim an limit of sequence (a,,) as n tends to co 
n00 
Sn nth partial sum, 41 + a2 +... + an 

OO 
> An sum of series aj + a2 +++: 
n=1 
+ does not tend to 
NE) punctured neighbourhood of c, (e—r,c)U(c,c+r),r>0 
lim limit as x tends to c 
T>e 

lim limit as x tends to c from the right 
act 

lim limit as x tends to c from the left 
Te 
Q(h) difference quotient, the gradient of the line through (c, f(c)) and ((c+h), f(c+h)) 
dy d? a 
a = Leibniz notation for first and second derivatives of y = f(x) with respect to x 

xz’ de 
pa nth derivative of function f 
fr le) left derivative of f at c 
Fr(c) right derivative of f at c 
av f minimum of function f on [a, b] 

a, 
iar f maximum of function f on [a,b] 

a,b 

i f infimum of function f on [a,b] 

a,b 
sup f supremum of function f on [a,b] 

[a,b] 


Notation 


P partition of an interval 
ÔT; length of the ith subinterval [x;—1, xi] of a partition 
IPI mesh of partition P, length of longest subinterval of P 
Mi inf{ f(x) : xi-1 < x < xi}, where f is a function on [x;_1, zi] 
M; sup{ f(x) : xi-1 < x < xi}, where f is a function on [x;_}, x] 
L(f,P) lower Riemann sum of function f over partition P 
UE, E) upper Riemann sum of function f over partition P 
b 
F lower integral of function f over interval [a,b] 
a 
pb 
f upper integral of function f over interval [a,b] 
a 
b 
f integral of function f over interval [a, b] 


f f(x)dx a primitive of function f, often denoted by F 


[F(a)]? primitive F evaluated between a and b, F(b) — F(a) 
~ f(n) ~ g(n) as n > œ means f(n)/g(n)— 1 as n > œ 


Tle) Taylor polynomial of degree n 
alg) remainder term for Taylor polynomial of degree n 
radius of convergence of a power series 


generalised binomial coefficient, a € R: 


a e on 


0 n n! 


Book A Introduction 


Unit Al Sets, functions 
and vectors 


1 Points, lines and distance 


1. Each point in the plane is represented by an 
ordered pair (x,y) of real numbers. The plane R?, 
together with an origin and a pair of z- 

and y-axes, is known as two-dimensional 
Euclidean space. 


2. Equation of a line The general equation 
of a line in R? is 

ax + by = c, 
where a, b and c are real numbers, and a and b are 
not both zero. 


Two distinct lines are parallel if they never meet, 
and perpendicular if they meet at right angles. 
Two non-vertical lines with gradients mı and ma, 
respectively, are perpendicular if and only if 
mim = —1. 


3. The modulus of a real number k is 
k, ifk>0, 
kl = l : 


ifk <0. 
4. Distance formula for R? The distance 
between the points (21,41) and (a2, y2) in R? is 


(12 — 11)? + (ya — y1)?. 


5. Equation of a circle The equation of the 
circle in R? with centre (a,b) and radius r is 


(2 — ay? + (y — dy? =r. 


6. Each point in three-dimensional space is 
represented by an ordered triple (x,y,z) of real 
numbers. Three-dimensional space R?, together 
with an origin and a set of x-, y- and z-axes, is 
known as three-dimensional Euclidean space. 


7. Distance formula for R? The distance 
between the points (11, y1, 21) and (£2, ya, 22) 
in R3 is 


V (za 


z1)? + (y2 — y1)? + (22 — a). 
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2 Sets 


8. A set is a collection of objects, such as 
numbers, points, functions, or even other sets. 
Each object in a set is an element or member of 
the set, and the elements belong to the set, or are 
in the set. 

9. A finite set is a set that has a finite number 
of elements; that is, the number of elements is 
some natural number, or 0. An infinite set is any 
set that is not a finite set. 


A singleton is a set with only one element, such 
as the set {2}. 


The empty set, denoted by Ø, has no elements. 


10. To indicate that a is an element of the set A, 
we write a € A. 


To indicate that b is not an element of the set A, 
we write b ¢ A. 


11. The solution set of an equation, or a system 
of equations, is the set of its solutions. It depends 
on the set from which the solutions are taken. 


12. An interval is a set comprising a range of 
real numbers. 


Intervals are denoted as follows. 


Open intervals Closed intervals 


(a, b) a,b] 
E 2 
Gaca<b? a<x<b?e 
(a, 00) [a, 00) 
a z>a E > 
(—oo, b) (—oo, b] 
x<b b he b 


Open and closed interval 


(—oo, 00) 
R 
Half-open (or half-closed) intervals 
la, b) (a, b] 
—————— O 
Ga<g<p? Ca<x<p? 
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13. A plane set (or plane figure) is a set of 
points in R?. Simple examples of plane sets are 
lines and circles. 


14. The line l with gradient m and y-intercept e 
is 
l={(2,y) €R?:y=mz+c} 
= {(x,mz +c): ER). 


We refer to ‘the line y = mg + œ as a shorthand 
way of specifying this set. 


A half-plane is the set of points on one side of a 
line, possibly together with all the points on the 
line itself. 


15. The circle C with centre (a,b) and radius r is 
C = {(x,y) E R? : (z — a)? + (y — b)? = 7°}. 
The unit circle U is 
[(2,y ER? : 224 y? = 1}. 


A disc is the set of points inside a circle, possibly 
together with all the points on the circle. 


16. Convention for drawing sets in R or R? 


e included and excluded points are drawn as solid 
and hollow dots, respectively 


e included and excluded boundaries are drawn as 
solid and broken lines, respectively. 


17. Two sets A and B are equal if they have 
exactly the same elements; we write A = B. 


18. A subset of a set B is a set A such that each 
element of A is also an element of B. We say that 
A is contained in B or B contains A, and we write 
ACBor BDA. 


To indicate that A is not a subset of B, we write 
AZBorBLA. 


The subsets of a set B include the empty set Y 
and the set B itself. 


A proper subset of a set B is a set A that is a 
subset of B, but is not equal to B; we write 
ACBor BDA. 


19. Showing that two sets are equal 


Strategy Al Set equality 
To show that the sets A and B are equal: 


e first show that A C B 
e then show that B C A. 


20. Set operations 
Let A and B be any sets. 
The union of A and B is the set 


AUB={a:2%E€Aorze B}. 


è 


AUB 
The intersection of A and B is the set 


ANB={zr:x€ Aand xe B}. 


ANB 
The difference between A and B is the set 


A-B=4c:1€4A, ¿E B). 
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A-B 


Disjoint sets have no elements in common. 


3 Functions 


21. Functions 

A function f is defined by specifying: 
e aset A, called the domain of f 

e aset B, called the codomain of f 


e a rule z — f(x) that associates each element 
x E A with a unique element f(x) € B. 


The element f(x) is the image of x under f. 
Symbolically, we write 
f:A—B 
> f(z). 


We often refer to a function as a mapping, and 
say that f maps A to B and zx to f(z). 


22. A real function is a function whose domain 
and codomain are both subsets of R. 


23. The identity function on a set A is the 
function 


lA: AA 


24. Let f: A — B be a function. For any subset 
S of A, the image of S under f, denoted by f(5), 
is the set 

FS) = (f(x): x € S}. 


The image set of a function f : A — B is the set 


FA) = (f(x) : x € Aj. 


A 
domain A codomain B 


25. A function f : A — B is onto if f(A) = B. 
26. A function f : A — B is one-to-one if each 
element of f(A) is the image of exactly one 
element of A; that is, 

if 71,72 € A and f(21) = f(x2), then 11 = 22. 
A function that is not one-to-one is many-to-one. 
27. Inverse functions 


Let f : A —> B be a one-to-one function. Then f 
has an inverse function f~! : f(A) — A, with 
rule 


f(y) =2, where y = f(x). 
L 
domain A image set f(A) 


Jo 


— 


domain | (A) 


image set A 
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28. If a function f : A —> Bis onto as well as 
one-to-one, then f has an inverse function 
f71: B — A; the functions f and f~t are 
inverses of each other. 

Such a function is a one-to-one 
correspondence between the sets A and B. 


29. Let f : A — B be a function and let C be a 
subset of the domain A. Then the restriction of 
f to C is the function g : C —> B defined by 


g(x) = f(x), 


30. Composite functions 


for x € C. 


A composite function is a function obtained by 
applying first one function and then another. 


Let f : A —> B and g : B — C be functions such 
that the domain B of g is the same set as the 
codomain of f. Then the composite function go f 
(meaning ‘f then g’) is given by 
gof:A—>C 
zı g(f(x)). 
More generally, let f : A — Band g : C — D 
be any functions; then the composite function 
go f is given by 
gof: — D 
zı—> g(f(x)), 
where A’ = {x € A: f(x) € C}. Thus go f has 
e domain A’ = {x € A: f(x) € C} 
e codomain D 
e rule (go f)(x) = g(f(x)). 


31. Showing that a function is the inverse 
of another function 


Strategy A2 Inverse functions 


To show that the function g : B —> A is the 
inverse function of the function f : A — B: 


1. show that g(f(x)) = x for each x € A; that 
is, go f =1A 

2. show that f(g(y)) = y for each y € B; that 
is, fog=1B. 
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4 Vectors 


32. A vector is a quantity that is determined by 
its magnitude and direction. A scalar is a 
quantity that is determined by its magnitude. 


The magnitude of a vector v is denoted by |v]. 


33. The zero vector is the vector whose 
magnitude is zero, and whose direction is 
undefined. It is denoted by 0. 


34. Two vectors a and b are equal if they have 
the same magnitude (|a| = |b|) and if they are in 
the same direction. We write a = b. 


35. The negative of a vector v is the vector that 


has the same magnitude as v, but the opposite 
direction. It is denoted by —v. 


36. Scalar multiple of a vector 


Let k be a scalar and v a vector. The scalar 
multiple kv of v is the vector 


e whose magnitude is |k| times the magnitude 
of v; that is, |kv| = || |v] 

e that has the same direction as v if k > 0, and 
the opposite direction if k < 0. 

If k = 0, then kv = 0. 

37. Addition of vectors 


Triangle Law for addition of vectors 
The sum p+ q of two vectors p and q is obtained 
as follows. 


1. Starting at any point, draw the vector p. 


2. Starting from the tip of the vector p, draw the 
vector q. 


Then the sum p+ q is the vector from the tail 
of p to the tip of q. 


Parallelogram Law for addition of vectors 
The sum p+ q of two vectors p and q is obtained 
as follows. 


1. Starting at the same point, draw the vectors p 
and q. 

2. Complete the parallelogram of which these 
vectors are adjacent sides. 


Then the sum p+ q is the vector from the point 
where the tails of p and q meet to the opposite 
corner of the parallelogram. 
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Properties of vector algebra 


Let p, q and r be vectors, and let a,b € R. 

The following properties hold. 
p+q=q+p 

(p+q)+r=p+(q+r) 


a(p + q) = ap + aq, 
(a +b)p = ap + bp. 


Commutativity 
Associativity 


Distributivity 


38. The difference p — q of the vectors p and q 
is 

p-q=p+ (—q). 
39. A unit vector is a vector of magnitude 1. 
In R?, the vectors i and j are the unit vectors in 
the positive directions of the x- and y-axes, 
respectively. 
In RÌ, the vectors i, j and k are the unit vectors in 
the positive directions of the z-, y- and z-axes, 
respectively. 
The unit vector in the same direction as a 


non-zero vector v is 
1 


V= —v 
M 
40. The component form of a vector p in R? is 


p =aji+asj, where a1,a2 E€ R, 
often written as p = (a1, az). 


The components of p in the x- and y-directions 
are the numbers a, and ag, respectively. 


The component form of a vector p in R? is 


p = a,i+ aaj +a3k, where aj,a2,a3 € R, 


often written as p = (a1, a2, a3). 
The components of p in the z-, y- and 


z-directions are the numbers a1, a2 and az, 
respectively. 
41. Vector arithmetic in component form 
Equality Two vectors, both in R? or both in R3, 
are equal if their corresponding components are 
equal. 
Zero vector The zero vector is 
0 = (0,0) in R?, 
0 = (0,0,0) in R°. 


Addition To add vectors in R? or in R, add 
their corresponding components: 

(a1, a2) + (b1,b2) = (a1 + b1, a2 + ba), 

(a1, a2, 03) + (b1, b2, 63) = (a1 + b1, a2 + ba, ag + b3). 


Negatives To find the negative of a vector in R? 
or in R®, take the negatives of its components: 


— (a1, a2) = (—a1, —az), 
— (a1, 02,43) = (—a1, —a2, —ag). 


Subtraction To subtract vectors in R? or in R?, 
subtract the corresponding components: 


(a1, @2) — (b1, b2) = (a1 — b1, a2 — ba), 
(a1, a2, a3) — (b1, b2, b3) = (as 


ba, a3 — bs). 
Scalar multiplication To multiply a vector in 
R? or in R? by a real number k, multiply its 
components by k: 
k(a1, a2) = (kay, kaz), 
k(az, 02, a3) = (kay, kas, kag). 


bi, a2 


Magnitude The magnitudes of the vectors 
(a1, az) in R? and (a1, az, az) in R? are 


\/a?+az and 4/a? +a? +a, 
respectively. 


42. The position vector of a point P in R? 
or R? is the vector whose starting point is the 
origin O and whose finishing point is P; that is, 
the vector OP. 


Let A and B be points (in R? or R°), with 
position vectors a and b, respectively. Then 


i 


43. Vector form of the equation of a line 


The equation of the line through the points with 
position vectors p and q is 
r=(1—A)p+ Aq, where A ER. 


44. The scalar product (or dot product) of 
two non-zero vectors u and v, in R? or R, is 


u- v = |u||v| cos 8, 
where 0 is the angle between u and v. 


If one or both of u and v is the zero vector, 
then u-v = 0. 


Unit Al Sets, functions and vectors 


Algebraic properties of scalar product 


Let u, v and w be vectors in R? or R, and 
let a € R. The following properties hold. 

Commutativity 
Multiples 


Distributivity 


(au). v = u: (av) = a(u- v) 


u:(v+w) =u-v+u-w, 
(u+v)-w=u-w+v-w. 


45. Scalar product in component form 


In R?, let u = (21,41) and v = (#2, y2). Then 


u- vV = 1122 + Y1Y2- 


In RÌ, let u = (21, y1, 21) and v = (9, ya, 22). 
Then 
U: V = 1172 + Y1Y2 + 2122. 


46. The angle 0 between two vectors u and v is 
given by 
u.v 

cos 0 = ——. 
lu|[v| 
47. For any vector v in R? or R3, 

lv] = yv: v. 
48. Scalar product and perpendicularity 
Let u and v be vectors in R? or R°. 


e If u and v are perpendicular, then u- v = 0. 
e If u.v =0, then u = 0, or v = 0, or u and v 
are perpendicular. 


49. A normal vector (or simply a normal) to a 
plane is a vector that is perpendicular to all the 
vectors in the plane. Its direction is normal to 
the plane. 


50. Equation of a plane in R 


The equation of the plane that contains the point 
(21, yi, 21) and has the vector n = (a,b,c) as a 
normal is 


ar + by + cz =d, 

where d = az; + by; + cz. 

This equation can be written in vector form as 
xX-n=p-n, 


where x = (x,y,z) and p = (21, y1, 21). 
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Unit A2 Number systems 


1 Real numbers 


1. The set of all real numbers is denoted by R. 
It can be pictured as a number line, often called 
the real line. Each real number is represented by 
a point on the real line, and each point on this line 
represents a real number. 


2. The set of all rational numbers is denoted 
by Q. A rational number is a real number that 
can be expressed as a fraction whose numerator 
and denominator are integers: 


Q = {p/q : p E€ Z,q E N}. 


The set Q is a proper subset of R. The real 
numbers that are not rational numbers are 
irrational numbers. 


Theorem A1 


There is no rational number x such that 


q? =2. 


3. Every real number has a decimal expansion. 


e The decimal expansion of a rational number is 
always either a terminating (or finite) decimal 
or a recurring decimal. 

e The decimal expansion of an irrational number 
is neither terminating nor recurring: it continues 
for ever, with no repeating pattern of digits. 


4. Arithmetic in R 
Properties for addition in R 
A1 Closure Foralla,bER,a+bER. 
A2 Associativity For all a,b,c € R, 
a+(b+c)=(at+b) +e. 
A3 Additive identity For all a €R, 
a+0=a=0+a. 


A4 Additive inverses For each a € R, there 
is a number —a € R such that 


a+ (—a) =0= (-a) + a. 
A5 Commutativity For all a,b € R, 
a+b=b+a. 
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Properties for multiplication in R 
M1 Closure For alla,b€R,axbeER. 
M2 Associativity For all a,b,c € R, 
a x (b x c) = (a x b) xc. 
M3 Multiplicative identity For all a € R, 
axl=a=1xa. 


M4 Multiplicative inverses For each 
a € R*, there is a number a7! € R such that 


axat=l=a' xa. 


M5 Commutativity For all a,b € R, 
axb=bxa. 
Property combining addition and 
multiplication in R 
D1 Distributivity For all a,b,c € R, 
ax (b+c) =(ax 6) + (ax). 
The additive identity and multiplicative 
identity of R are 0 and 1, respectively. 


The additive inverse or negative of a real 
number a is —a, and the multiplicative inverse 


or reciprocal of a non-zero real number a is a7!. 


5. A field is a set of numbers with addition and 
multiplication defined in such a way that they 
satisfy properties Al-A5, M1-M5 and D1, 
together with the property that the additive and 
multiplicative identities are different numbers. 
The sets R and Q with ordinary addition and 
multiplication are fields, but Z is not. 

6. A polynomial in x of degree n is an 
expression of the form 


=i 
ant” + Man 12 +--+ ax + ap, 


where ao, @1,...,@n are numbers, called the 
coefficients of the polynomial, with an 4 0. 


A real polynomial is a polynomial with 
coefficients in R. 


7. A polynomial equation in x of degree n is 
an equation of the form p(x) = 0, where p(x) is a 
polynomial in x of degree n. 


Linear, quadratic and cubic equations (and 
polynomials) are polynomial equations (and 
polynomials) of degrees 1, 2 and 3, respectively. 


8. The roots (or zeros) of a polynomial p(x) 
are the solutions of the equation p(x) = 0. 


A real polynomial of degree n has at most n 
distinct roots (some of which may be complex 
numbers). 


9. Factors of polynomials 
If a polynomial p(x) can be expressed in the form 
p(x) = s(x)t(x), 


where s(x) and t(x) are polynomials whose degree 
is less than that of p(x), then s(x) and t(x) are 
factors of p(x). 


Theorem A2 Factor Theorem (in R) 


Let p(x) be a real polynomial, and let a € R. 
Then p(a) = 0 if and only if x — a is a factor 


of p(x). 


Theorem A3 


Let p(x) = ant" + Qn_12"" 1 +--+ ax + ag 
be a real polynomial, and suppose that p(x) 
has n distinct real roots, a1,Q2,...,Q,. Then 


p(x) = an(x — ai) (z — a2) +++ (£ — an). 


10. Suppose that 
oP a ger? +--+ ax H ao 
= (x — 01) (x — a2) -+ (£ — an), 
where @1,@2,...,@n are real numbers. Then 
e ag = (—1)”a1a2: >: An 
© an-ı = —(01 +02 +: + Qn). 
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2 Complex numbers 


11. A complex number is an expression of the 
form x + iy, where x and y are real numbers and 
i? = —1. The set of all complex numbers is 
denoted by C. 


The real part and imaginary part of a complex 
number z = x + iy are the real numbers x and y, 
respectively. We write 


Rez=a and Imz=y. 


Two complex numbers are equal if their real parts 
are equal and their imaginary parts are equal. 


12. The Cartesian form of a complex number z 
is the form x + iy, where x, y € R. 


Any real number x can be written in the 

form x + i0, and any complex number of the 
form x + 20 is usually written simply as x. In this 
sense, R is a subset of C. 


The complex number 0 + 20 is written as 0. 


An imaginary number is a complex number of 
the form 0 + iy (where y 4 0). 


13. Square roots of a negative real number 
For a positive real number d, the square roots 

of —d are +iVd. 

14. In the complex plane each complex number 
z = x + iy is represented by the point (x,y). 


Such a representation is also called an Argand 
diagram. 

The real axis is the horizontal axis representing 
real numbers, and the imaginary axis is the 
vertical axis representing numbers of the form ¿y. 
15. Arithmetic of complex numbers in 
Cartesian form 

Arithmetic operations on complex numbers are 
carried out as for real numbers, except that we 
replace i? by —1 wherever it occurs. 

Let 21 = zı + iyı and z = 12 + iy2 be any 
complex numbers. Then the following operations 
can be applied. 


Addition 21 + 22 = (11 + 22) + ¿(y + ya) 
Subtraction 21 — 22 = (11 — 22) + i(y1 — ya) 
Multiplication 

z122 = (1102 — y1y2) + i(xay1 + 1142) 
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16. The complex conjugate Z of the complex 
number z = x + iy is the complex number g — iy. 


Properties of complex conjugates 


Let 21, z2 and z be any complex numbers. 
Then: 


lL. 21+2=21+% 
2. 222 = Z X 2 

3. 2+27=2Rez 
4 


.2-2=21Imz. 


17. The modulus |z| of a complex number 
z = x + iy is the distance from the point z in the 
complex plane to the origin: 


Je] = y 2? + y?. 


Properties of the modulus 

1. |z| > 0 for any z € C, with equality only 
when z = 0. 

2122| = |z1| |z2| for any 21, z2 € C. 


njugate—modulus properties 


z| = |z| for all z € C. 
2. 22 = |z|? for all z € C. 


18. Distance formula for C The distance 
between the points z1 and z2 in the complex plane 
is |z1 — 29]. 

19. Quotient in Cartesian form 


To simplify a quotient of complex numbers, 
multiply the numerator and denominator by the 
complex conjugate of the denominator. 


20. Arithmetic in C 


The set C of complex numbers satisfies the eleven 
properties previously given for R, as follows. 


Properties for addition in C 
A1 Closure For all 2,22 € C, z1 + 22 E C. 
A2 Associativity For all z1, zo, z3 € C, 
z1 + (22 + 23) = (21 + 22) + 23. 
A3 Additive identity For all z € C, 
24+0=2=0+2. 


A4 Additive inverses For each z € C, there 
is a number —z € C such that 


z + (-2) =0=(-2)+2. 
A5 Commutativity For all 21,72 € C, 
21 +22 = 22 + 21. 
Properties for multiplication in C 
M1 Closure For all 21,22 € C, 21 X 2 € C. 
M2 Associativity For all z1,z2,23 € C, 
21 X (z2 X 23) = (21 X 22) X 23. 
M3 Multiplicative identity For all z € C, 
zxl=z=1xz. 


M4 Multiplicative inverses For each 
z € C — {0}, there is a number 7! € C such 
that 


zxz !=1=z7! 


Xz. 
M5 Commutativity For all z1, z2 € C, 
21 X29=22X21- 
Property combining addition and 
multiplication in C 
D1 Distributivity For all 21, z2, 23 € C, 
a X (z2 + 23) = (21 X 22) + (21 X 23). 


The additive identity and multiplicative 
identity of C are 0 = 0 + Oi and 1 = 1 + 02, 
respectively. 


The additive inverse (or negative) of z = x + iy 


is —z = —x — iy, and the multiplicative inverse 
(or reciprocal) of z = x + iy is 

1 zZ gz — iy 

-= — = for z £0 

eR amp AT 


21. The set C with addition and multiplication is 
a field, like R and Q. 


22. The complex numbers are not ordered, unlike 
the real numbers. 
23. Polar form 


A non-zero complex number z is in polar form if 
it is expressed as 


z = r(cos + isin 0), 


where r = |z| and @ is any angle (measured in 
radians anticlockwise) between the positive 
direction of the real axis and the line joining the 
origin to z. 


An argument, arg z, of the complex number z is 
such an angle 6. 


The principal argument, Argz, of z is the value 
of arg z that lies in the interval (=r, 71]. 


24. Converting from polar form 


To convert a complex number from polar form to 
Cartesian form, use the equations 


x=rcosé, y=rsin0. 


25. Converting to polar form 


To convert a non-zero complex number z from 
Cartesian form x + iy to polar form 
r(cos 0 + ¿sin 0), first find the modulus r, using 


r = |z| = yz? + y. 
Then find the principal argument 0. 


If z is either real or imaginary, then it lies on one 
of the axes and has principal argument 0, 7/2, 7 
or —7/2. 
Otherwise, find the acute angle ġ such that 

cos @ = lel 
This acute angle @ is the angle at the origin in the 
right-angled triangle formed by drawing the 
perpendicular from z to the real axis. 


The principal argument 0 can be found from the 
acute angle ¢ in either of the following ways: 


e by sketching z in the complex plane, marking 
the acute angle $ on the sketch, and deducing 
the principal argument 0 

e by using the appropriate formula (see below) to 
deduce 0 from @¢. 

A 


0=7-0 0=04 


0 = -(7T — $) 0 = —ġ 


26. Product and quotient in polar form 


e To multiply two (or more) complex numbers (all 
in polar form), multiply their moduli and add 
their arguments. 
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e To divide a complex number z1 by a non-zero 
complex number 22 (both in polar form), divide 
the modulus of z1 by the modulus of z2, and 
subtract the argument of z2 from the argument 
of Zi. 


To find the principal argument of a product or 
quotient, add or subtract integer multiples of 27 
from the argument calculated, to obtain an angle 
in the interval (—7, r]. 


Theorem A4 de Moivre’s Theorem 


If z = cosÓ0 + ¿sin 0, then for any n € Z, 


z” = (cos 0 + isin 0)” = cosné + isin nð. 


27. The roots (or zeros) of a polynomial p(z) 
are the solutions of the equation p(z) = 0. 


28. Roots of a complex number 


The nth roots of a complex number a are the 
solutions of the equation 2” = a. 


Let a = p(cos¢ + isin ġ) be a complex number in 
polar form. Then, for any n € N, the equation 
z” = a has n solutions, given by 


z= p" (cos (2+%2) + ¿sin (2422) 
n n n n 


for k=0,1,...,n—1. 


29. The nth roots of unity are the solutions of 
the equation z” = 1. In the complex plane they 
are equally spaced around the unit circle. 


30. Roots of complex polynomials 


Theorem A5 The Fundamental 
Theorem of Algebra 


Every polynomial equation 


= 
Anz” + an-12 7 +---+a12 +a = 0, 


where an, An-1,-..,4 E C and a, 40, has at 
least one solution in C. 


The complex numbers form an algebraically 
closed system of numbers, since every polynomial 
equation with coefficients in this system has a 
solution in this system, which is not the case for 
the real numbers or the rational numbers. 


17 


Handbook 


31. Factors of complex polynomials 


Theorem A6 Factor Theorem (in C) 


Let p(z) be a polynomial with coefficients 
in C, and let a € C. Then p(a) = 0 if and 
only if z — a is a factor of p(z). 


Theorem A7 
Every polynomial 
p(z) = an2” + ani | +--+- +.a1z + a9, 


where n > 1 and the coefficients are in C, 
with an + 0, has a factorisation 


p(z) = an(z — a1)(z = a2) ++ (z — an), 


where the complex numbers ay, @2,..., Qn, are 
the roots (not necessarily distinct) of p(z). 


32. Complex roots of a polynomial with 
real coefficients 


Theorem A8 


If p(z) is a polynomial with real coefficients, 
then whenever a is a complex root of p, so 
is Q. 


A complex conjugate pair of factors a and @ 
combine to give a quadratic factor of p(z) with 
real coefficients: 


(z—a)(z —@) = 22 — (a+ @)z + 07. 
33. The complex exponential function 


If z = x + iy, then e? = e” (cos y + ¿sin y). 


Euler's Formula e” = cos y + ¿sin y 


Euler's Identity e" +1=0 


34. Exponential form 


A non-zero complex number z is in exponential 
form if it is expressed as 


&=TE « 


If z= re”, then Z=re*, 
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35. In exponential form, de Moivre’s Theorem 
(Theorem A4) becomes 


(e®) = e°, forall 0 €R and all n € Z. 


3 Modular arithmetic 


36. The Division Theorem describes the result of 
dividing an integer a by a positive integer n. 


Theorem A9 Division Theorem 


Let a and n be integers, with n > 0. Then 


there are unique integers q and r such that 


a=qn+r, withO<r<n. 


We say that dividing a by the divisor n gives the 
quotient q and remainder r. 


37. Congruence 


Let n be a positive integer. Two integers a and b 
are congruent modulo n if a — b is a multiple 

of n, that is, if a and b have the same remainder 
on division by n. 


We write this as the congruence 
a =b (mod n), 


where n is the modulus of the congruence. 


Theorem A10 Properties of 
congruences 

Let n and m be positive integers, and let a, b, 
c, d be integers. The following properties 
hold. 
Reflexivity a= a (mod n) 
Symmetry If a=b (mod n), then 

b =a (mod n). 
Transitivity If a=b (mod n) and 

b = c (mod n), then a = c (mod n). 
Addition Ifa = b (mod n) and 

c = d (mod n), then a + c = b + d (mod n). 
Multiplication Ifa = b (mod n) and 

c= d (mod n), then ac = bd (mod n). 


Powers If a= b (mod n), then 
a” = b™ (mod n). 


38. Operations in Zn 


For any integer n > 2, 
Din =X30 Ls... ju 1}, 
For a and b in Zn, the operations +p and Xp are: 


e a +n b is the remainder of a + b on division by n; 


e a Xn b is the remainder of a x b on division by n. 
The modulus for this arithmetic is the integer n. 


Arithmetic modulo n is arithmetic carried out 
on the elements of the set Z,, using the operations 
+n and Xn. 


39. Arithmetic in Zn 
Properties for addition in Z, (n > 2) 
A1 Closure For all a,b € Zn, a +n b € Zn. 
A2 Associativity For all a,b,c € Zn, 
(a +n b) +n c = a +n (b +n Cc). 
A3 Additive identity For all a € Zn, 
a +n 0=a=0+, a. 


A4 Additive inverses For each a € Zp, 
there is a number b € Zn such that 


a+nb=0=b+, a. 
A5 Commutativity For all a,b € Zp, 
Atnb=b+n a. 
Properties for multiplication in Z,, (n > 2) 


M1 Closure For all a,b € Zn, a Xn b € Zn. 
M2 Associativity For all a,b,c € Zn, 


(aX 0) KX, eo = aX, (bX, 6) 
M3 Multiplicative identity For all a € Zn, 


aXnl=a=1xy a. 


M5 Commutativity For all a,b € Zn, 
aXnb=bxy 0. 
Combining addition and multiplication 
D1 Distributivity For all a,b,c € Zn, 
a Xn (b +n c) = (a Xn b) +n (a Xn C). 


Warning: Property M4 (multiplicative inverses) 
is missing from this list. 


The additive identity and multiplicative 
identity of Z, are 0 and 1, respectively. 
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40. The element b is a multiplicative inverse 
of a in Zn if a,b E€ Zn and axpb=bx,a=l. 


If an element of Zn has a multiplicative inverse, 
then it has only one. 


When it exists, we denote the multiplicative 
inverse b of an element a of Z, by a~! and refer to 
it as the multiplicative inverse of a in Zp. 


Warning: For composite n, Zn contains non-zero 
elements that do not have a multiplicative inverse. 
41. A prime number (or prime) is an integer 
greater than 1 whose only positive factors are 1 
and itself; the first few primes are 2, 3, 5, 7, 11, 
13, 17, and 19. 


A composite number is an integer greater 
than 1 that is not a prime number; the first few 
composite numbers are 4, 6, 8, 9, 10, 12, 14, 15. 


42. A common factor c of two integers a and b 
is a natural number that divides both a and b. 


Two integers a and b are coprime (or relatively 
prime) if their only common factor is 1. 


The highest common factor (HCF) of two 
integers a and b is their largest common factor. 


Theorem A11 


Let n and a be positive integers, with a 
in Z,. Then a has a multiplicative inverse 


in Zn if and only if a and n are coprime. 


43. Euclid’s Algorithm is a method for finding 
the highest common factor of two positive integers. 


Given an element a of Z,,, we can apply Euclid’s 
Algorithm to determine whether or not a and n 
are coprime; if they are coprime, then we can use 
the equations that arise to work out the 
multiplicative inverse of a, using a method known 
as backwards substitution. 
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44. Multiplication in Zp, for p prime 


Multiplicative inverses in Zp 


Let p be a prime number. Then every 
non-zero element in Zp has a multiplicative 
inverse in Zp. 


For multiplication in Zp, where p is a prime, we 
can add property M4 to the list of properties of 
multiplication in Z,,, as follows. 


M4 Multiplicative inverses For each 
a € Z, — {0} where p is a prime number, 
there is a number a”? € Zp such that 
oxo =1=g” Xp a. 
45. For each prime p, the set Z, with arithmetic 
modulo p is a field. 


46. Linear equations in modular arithmetic 
Consider the linear equation 


aX,x2=b, where a,b € Zn. 
When a and n are coprime: 


The equation has the unique solution 

=a x,b in Zn. 
To solve the equation use the inverse of a if 
known, or try different values of x (if the 
modulus n is fairly small), or try first spotting 
any solution in Z of the congruence 
a x x =b (mod n): then the element of Zn 
congruent to modulo n is the required 
solution. 

When a and n are not necessarily coprime: 
Let d be the highest common factor of a and n. 
e If dis not a factor of b, then the equation has 

no solutions in Z,,. 
e If dis a factor of b, then the equation has d 
solutions in Z,,, given by 


> ye ac 

T=C, L=C T T= rh ee, 
B (d—1)n 
T= GH F ; 


where c is the unique solution in Z,,/g Of the 
simpler equation 

a 

a x a T = EN 
(The simpler equation has a unique solution 
since a/d and n/d are coprime.) 
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Unit A3 Mathematical 
language and proof 


1 Mathematical statements 


1. Mathematical statements 


A mathematical statement (sometimes called a 
proposition) is an assertion that is either true or 
false, though we may not know which. 


A variable proposition is a statement that is 
either true or false depending on the value of one 
or more variables. 


A theorem is a mathematical statement that is 
true. Theorems are sometimes called results. 


A proposition is a ‘less important’ theorem, and 
a lemma is a theorem that is used in the proof of 
other theorems. 


A corollary is a theorem that follows from 
another theorem by a short additional argument. 


2. The negation, ‘not P’, of a statement is a 
related statement that is true when the original 
statement is false, and false when the original 
statement is true. 


3. Conjunctions and disjunctions 


The conjunction of two statements P and Q is 
obtained by inserting the word “and” between P 
and Q; it is true if both of P and Q are true, and 
false if at least one of P or Q is false. 


The disjunction of two statements P and Q is 
obtained by inserting the word ‘or’ between P 
and Q; it is true if at least one of P or Q is true, 
and false if both of P and Q are false. 


The negation of 

e ‘P and Q’ is ‘not P or not Q’ 
e ‘P or Q’ is ‘not P and not Q’. 
4. Implications 


An implication is a statement of the form 
if P, then Q. 


Its hypothesis is the statement P, and its 
conclusion is the statement Q. 


5. Ways of writing “if P, then Q’ 


P implies Q Q follows from P 
P= Q Q =P 

P is sufficient for Q Q is necessary for P 
P only if Q Q if P 


Q whenever P 
Q provided that P 


6. Negation, converse and contrapositive 


The negation of an implication is a conjunction: 
the negation of ‘if P, then Q’ is ‘P and not Q”. 
The converse of the implication ‘if P, then Q’ is 
the implication ‘if Q, then P’. Knowledge of 
whether an implication is true or false tells you 
nothing about whether its converse is true or false. 


The contrapositive of the implication 

‘if P, then Q’ is the implication 

‘if not Q, then not P’. The contrapositive is 

equivalent to the original implication. 

7. Equivalences 

An equivalence is a statement of the form 
if P, then Q, and if Q, then P. 


It asserts that the implication ‘if P, then Q’ and 
its converse are both true. It is usually expressed 
more concisely as 


P if and only if Q. 


If the statement ‘P if and only if Q’ is true, then 
P and Q are either both true or both false. 
8. Ways of writing ‘P if and only if Q’ 
P is equivalent to Q 
P e Q 
P is necessary and sufficient for Q 
P => Qand Q => P 
P ==> Q and (not P => not Q) 
P <= Q and P => Q 
“if? ‘only if’ 
9. Universal and existential statements 


The universal quantifier expresses the phrase 
‘for all’ or an equivalent phrase such as ‘every’, ‘for 
each’, ‘any’. It is often denoted by the symbol V. 


A universal statement asserts that a certain 
property is true for all the elements of a given set. 
Universal statements usually start with a universal 
quantifier. 
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The existential quantifier expresses the phrase 
‘there is’ or an equivalent phrase such as ‘there 
exists’, ‘some’, ‘at least one’. It is often denoted 
by the symbol 3. 


An existential statement asserts that a certain 

property holds for at least one element in a given 

set. Existential statements usually start with an 

existential quantifier. 

e The negation of a universal statement is an 
existential statement. 

e The negation of an existential statement is a 


universal statement. 


10. By convention, we omit the universal 
quantifier and write P(x) => Q(x) for universal 
statements of the form Vz, P(x) => Q(z). 


11. Negations 


Statement Negation 

P not P 

P and Q not P or not Q 
PorQ not P and not Q 
If P, then Q P and not Q 

For all x, P There exists an x 


such that not P 


There exists an x For all x, not P 


such that P 


2 Direct proof 


12. A proof of a mathematical statement is a 
logical argument that establishes that the 
statement is true. 


A direct proof is a method of proof that involves 
a sequence of logical steps leading from known 
facts and assumptions directly to the statement to 
be proved. 


13. Proof by exhaustion is a method of proof 
that can be used when there are only a small 
number of possibilities to consider: it involves 
proving a statement by considering each 
possibility in turn. 
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14. Proving implications 


In general, to prove that the implication P => Q 
is true, we start out by assuming that P is true, 
and build up a sequence of statements 
P,P¡,Po,...,Q, each of which follows from one or 
more statements further back in the sequence or 
from previous mathematical knowledge. If this 
can be achieved, then we have a proof of the 
implication P => Q. 


15. A statement Q that is not an implication can 
be proved in a similar way to an implication 

P => Q. In this case the initial statement P is a 
statement that we know to be true from our 
previous knowledge. 


16. Proving equivalences 


To prove that the equivalence P => Q is true, 
we have to prove both of the implications 
P => Q and Q =P. 


It may be possible to present the proof of both 
implications at once, by writing 
P < Pı Py < e4 Pp = Q. 


17. Proving existential and universal 
statements 


e An existential statement can often be proved by 
finding an object that satisfies the property in 
the statement. 


e A universal statement about an infinite set can 
be proved only by using a general argument. 


18. A counterexample to the implication 

P(x) = Q(x) is a value of x that makes the 
statement P(x) true and the statement Q(x) false. 
It shows that the implication is false. 


To prove that an equivalence P <= > Q is false, 
show that at least one of the implications 

P = Q and Q => P is false, by providing a 
counterexample. That is, find a case where one of 
P or Q is true and the other is false. 


A universal statement can be proved to be false 
using a counterexample. 


19. Proof by induction 


Principle of Mathematical Induction 


To prove that a statement P(n) is true for 
n= ll 
1. show that P(1) is true 
2. show that the implication 
P(k) => P(k+1) 


is true for k=1,2,.... 


The Principle of Mathematical Induction can be 
adapted to prove that a statement P(n) is true for 
all integers n greater than or equal to some given 
integer other than 1. 


When writing a proof by induction you should 
clearly identify the statement to be proved, P(n), 
and structure your proof as follows: 


e prove that P(1) holds (or P(nọo) for some initial 
no +1) 

e write down P(k) and assume that it holds for a 
general k > 1 (or k > no where appropriate) 

e state that we need to deduce P(k +1), and 
write down P(k + 1) 

e deduce P(k +1) from P(k) 


e conclude that P(n) holds for all natural 
numbers n (or for all n > ny where appropriate). 


3 Indirect proof 


20. A proof by contradiction of a statement Q 
is obtained by assuming that Q is false and 
deducing a contradiction (a statement that is 
definitely false). 


To prove an implication ‘if P, then Q’ by 
contradiction, begin by assuming the implication 
is false and deduce a contradiction; that is, assume 
that P is true and Q is false, and deduce a 
contradiction. 


21. A proof by contraposition of an 
implication ‘if P, then Q” is obtained by proving 
the contrapositive implication 

if not Q, then not P. 
The contrapositive is equivalent to the original 
implication, but it may be easier to prove in some 
cases. 


Useful results from Sections 2 and 3 


22. Geometric Series Identity 


Theorem A12 


Let a,b € R and let n be a positive integer. 
Then 


qn — b” = 
(abla + a"-2b +--+. + ab"? nod, 


The following identity is a special case of the 
Geometric Series Identity. 


z” —1=(¢-1)(¢" 142°? +..-4¢41) 
23. Fundamental Theorem of Arithmetic 


Theorem A13 


Every integer greater than 1 can be written 
as a product of prime numbers. The 
factorisation is unique up to the order of the 
factors. 


24. Some properties of numbers 


For n = 1,2,..., 
1434+..4 (2n-1)=n?, 
1+2+---+n= $n(n+1), 


Theorem A14 


There are infinitely many prime numbers. 


If an integer n > 2 is not divisible by any of the 
primes less than or equal to \/n, then n is a prime 
number. 
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4 Equivalence relations 


25. We say that ~ is a relation on a set X if, 
whenever x,y € X, the statement x ~ y is either 
true or false. 


If ~ is a relation on a set X and g ~ y is false for 
a particular pair of elements x and y in X, then 
we write £ % y. 


26. An equivalence relation on a set X is a 


relation ~ satisfying the following three properties. 


El Reflexivity For all x in X, 
UNS a. 

E2 Symmetry For all x,y in X, 
if x ~ y, then y ~ 2. 

E3 Transitivity For all x,y,z in X, 
if z~ yand y ~ z, then x ~z. 


27. A relation is reflexive, symmetric or 
transitive if it has property El, E2 or E3, 
respectively. 


Relations exist with every combination of the 
three properties E1, E2 and E3. 


28. A partition of a set X is a collection of 
non-empty subsets of X such that 


e every pair of subsets in the collection is disjoint 


e the union of all the subsets in the collection is 
the whole set X, 


that is, every element of X belongs to exactly one 
of the subsets in the collection. 


We say that such a collection of subsets 
partitions the set. 


29. Equivalence classes 


Let ~ be an equivalence relation on a set X, and 
let x € X. Then the equivalence class of x, 
denoted by [æ], is the set 


le] = {yE X:z~y}. 


It is the set of all elements in X related to z. 
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30. Equivalence classes and partitions 


Theorem A16 


The equivalence classes of an equivalence 
relation on a set X form a partition of the 
set X. 


Proposition A17 


The equivalence classes of an equivalence 
relation on a set X have the following 
property: if x and y are elements of X, then 
their equivalence classes |] and [y] are 
either equal sets or disjoint sets. 


31. Representatives of equivalence classes 


An equivalence class can be denoted by [2] 
where x is any one of its elements. 


A representative of an equivalence class [x] is a 
particular element x of the class used to denote 
the class. 


A set of representatives for an equivalence 
relation ~ on a set X is a set of elements of X 
that contains exactly one element from each 
equivalence class. 


32. Congruence modulo n is a familiar 
example of an equivalence relation. 


Theorem A15 


For any integer n > 1, congruence modulo n 
is an equivalence relation on Z. 


A set of representatives for congruence modulo n is 
Zn = {0,1,...,n—1}. 


33. Congruence modulo 27 is the equivalence 
relation ~ defined on R by 

x~y if «—y = 2rk for some integer k. 
We usually write z = y (mod 27). 


Arithmetic modulo 27 is used when calculating 
the principal argument of a complex number. 


Unit A4 Real functions, 
graphs and conics 


1 Real functions and their 
graphs 
1. Convention for real functions 


When a real function is specified only by a rule, it 
is understood that the domain of the function is 
the set of all real numbers for which the rule is 
applicable, and the codomain of the function is R. 


2. A real function f with domain A maps each 
real number x in A to a corresponding real number 
f(x). A vertical line drawn through any number 
on the x-axis crosses the graph of f at most once. 


3. Basic functions 


Sketches of basic functions are included in the 
Quick reference section on page 129. 


(a) A constant function is a function of the 
form f(x) = b, where bE R. 

The graph of the constant function f(x) = b is 
the horizontal line with y-intercept b. 

A linear function is a function of the form 
f(z) = ax +b, where a,b € R and a £ 0. 

The graph of the linear function f(x) = ax + b 
is the straight line with gradient a and 
y-intercept b. 

A quadratic function is a function of the 
form f(x) = ax? + bx +c, where a,b,c € R 
and a 4 0. 

The completed-square form of the rule of 
the quadratic function f(x) = ax? + br + c is 


f(a) =a(e—a)" + 8, 
where 
b b? 
“pa? Po aa 
The graph of this function is a parabola with 
vertex (a, 8) and axis 1 = a. 


(d) A cubic function is a function of the form 
f(x) = ax? + bx? + cx +d, where a,b,c,d € R 
and a #0. 


The graph of a cubic function crosses the 
x-axis once or three times, or (more rarely) 
crosses it once and ‘touches’ it once. 


(e) A linear rational function is a function of 
the form 


ax +b 


f(x) = apd 


where a,b,c,d € R, c 4% 0, and a and b are not 
both 0. 


The graph of a linear rational function 

f(x) = (ax +b)/(cx + d) is a rectangular 
hyperbola with a horizontal asymptote 

y = a/c and a vertical asymptote x = —d/c. 


(£) The reciprocal function f(x) =1/x isa 
linear rational function whose graph has the 
x- and y-axes as asymptotes. 


(g) An exponential function is a function of 
the form f(x) = a”, where a € R is positive. 


The graph of an exponential function always 
lies entirely above the x-axis and passes 
through the point (0,1). 


The exponential function, or exp, is the 
function f(x) = e” (see also 15. on page 28). 


(h) The modulus function is given by 


T, 
la { 


The graph of the modulus function has a 
corner at the origin. 


if x > 0, 
if x <0. 


(i) The integer part function is f(x) = |z]. 


For each x, the integer part |x| of x is 
obtained by rounding down to the nearest 
integer. The rounding is always down, no 
matter whether x is positive or negative. 


The graph of f(x) = |x] consists of horizontal 
line segments with jumps between them. 
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4. Trigonometric functions 


Sketches of trigonometric functions are included in 
the Quick reference section on page 129. 


The graphs of the sine and cosine functions (sin 
and cos) lie between y = —1 and y = 1. They are 
periodic with period 27 and have exactly the same 
shape; the cosine graph is obtained by shifting the 
sine graph to the left by the distance 7/2. 


The tangent function (tan) is given by 


sin x 


tan x = : 
COS £ 


Its graph is periodic with period 7 and has a 
vertical asymptote at each odd multiple of 7/2. 
The cosecant and secant functions (cosec and 


sec) are given by 


1 
cosa 


1 
cosecx = ——, secr = 
sin x 


Their graphs both have period 27 and have 
exactly the same shape; the secant graph is 
obtained by shifting the cosecant graph to the left 
by the distance 7/2. The cosecant graph has a 
vertical asymptote at each multiple of r. 


The cotangent function (cot) is given by 


COS £ 


cot t = — : 
sin x 


Its graph is periodic with period 7 and has a 
vertical asymptote at each multiple of r. 


5. Translations and scalings of graphs 


An (a, B)-translation of a graph translates it by 
a units to the right and P units upwards. 


Applying an (a, B)-translation to the graph of 
y = f(x) gives the graph of 


y=f(r—a) +8. 


A (A, )-scaling of a graph, where A, u 4 0, scales 
(stretches) it by the factor A in the x-direction 
and the factor u in the y-direction. 


Applying a (A, )-scaling to the graph of y = f(x) 
gives the graph of 


=l) 
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2 Graph sketching 


6. Determining features of a graph 
Domain: 


The domain of a real function specified just by a 
rule is the set of all real numbers, excluding any 
numbers that give an expression that is not 
defined. 


Symmetry features: 


A function f is 


e even if, for all x in the domain of f, 


f(-«) = f(x); 


its graph is unchanged when reflected in the 


y-axis 
e odd if, for all x in the domain of f, 
fx) = -f (x); 


its graph is unchanged when rotated through 
the angle 7 about the origin 

e periodic if there is a number p such that, for 
all x in the domain of f, 


fu+p)= f(x); 
its graph is unchanged when translated along 


the x-axis by a distance p, but not when 
translated by any distance less than p. 


Periodic 


Intercepts: 


An intercept is a value of x or y at which the 
graph y = f(x) of a function f meets the z- or 
y-axis, respectively. 


The x-intercepts are the solutions (if there are 
any) of the equation f(x) = 0. 


The y-intercept is the value f(0), if this exists. 
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Intervals on which f is positive or negative: 


A function f 
e is positive on a particular interval I if 
f(x) >0 forallaeTl 
e is negative on a particular interval I if 
f(x) <0 for all xe I 
e has a zero at x if f(x) = 0. 
A table of signs for f is useful for finding the 
intervals on which f is positive or negative 
when f is a polynomial or a rational function. 


Intervals on which f is increasing or decreasing: 


A function f is 
e increasing on an interval J, if for all 
11,29 € Í, 


then f(x1) < f(x2) 
e strictly increasing on an interval /, if 


if £1 < zo, 


for all 11,12 € I, 


if xi < x2, then f(21) < f(x2) 
e decreasing on an interval /, if for all 
11,19 € Í, 
if xı <2, then f(x1) > f(x2) 


e strictly decreasing on an interval J, if 
for all 11,12 € TJ, 


if zı < xa, then f(z) > f (Za): 


Increasing /decreasing criteria 


e If f'(x) > 0 for all x in an interval J, then 
f is strictly increasing on J. 

e If f'(x) <0 for all x in an interval J, then 
f is strictly decreasing on I. 


7. Stationary points 


A local maximum is a point where the graph of 
a function changes from being strictly increasing 
to strictly decreasing. 


A local minimum is a point where the graph of 
a function changes from being strictly decreasing 
to strictly increasing. 


A stationary point of a differentiable function f 
is a value of x at which f'(x) = 0. The tangent to 
the graph of f at the point (x, f(x)) is horizontal. 


A local maximum or minimum of a differentiable 
function is a stationary point. 


First Derivative Test 


Suppose that a is a stationary point of a 

differentiable function f, so that f'(a) = 0. 

e If f' changes from positive to negative as x 
increases through a, then f has a local 
maximum at a. 

If f’ changes from negative to positive as x 
increases through a, then f has a local 
minimum at a. 

If f’ remains positive or remains negative 
as x increases through a (except at a itself, 
where f'(a) = 0), then f has a horizontal 
point of inflection at a. 


A table of signs for f’ is useful for finding the 
intervals on which f is increasing or decreasing; 
also for determining the nature of any stationary 
points for a polynomial or a rational function. 


Second Derivative Test 


Suppose that a is a stationary point of a 
differentiable function f, so that f'(a) = 0. 


e If f"(a) <0, then f has a local maximum 
at a. 

e If f"(a) > 0, then f has a local minimum 
at a. 


If f”(a) = 0, then the Second Derivative Test gives 
no result. 


8. Asymptotic behaviour of a function f is 
the behaviour of the graph of y = f(x) at the 
points of the graph for which the variable x or the 
variable y takes arbitrarily large values. 


9. Asymptotes 


An asymptote of a curve is a straight line that 
the curve approaches arbitrarily closely as the 
domain variable x or the codomain variable y (or 
both) take very large values. 


A vertical asymptote is an asymptote with an 
equation of the form x = a. 

A horizontal asymptote is an asymptote with 
an equation of the form y = b. The graph of a 
function may cross a horizontal asymptote. 
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For example, the curve below has a vertical 
asymptote such that 


f(z) > œ, asx—-at, and 


f(z) -o0o, asta. 


Here at and a” indicate the direction of approach 
from values above and below a, respectively. 


It also has a horizontal asymptote such that 


f(t) 3b, asz—oo, and 
f(z) b, as x%— —co; 
that is, f(x) >b, as x2 — zoo. 
YA 
horizontal 


asymptote 


a 
SJ 


vertical 
asymptote 


10. Polynomial functions 


A polynomial function of degree n is a function 
of the form 


1 


E E +- ae + ao, 


where an # 0. 


Its dominant term is anz”, the term with the 
highest power of x. 


The coefficient of the dominant term is ay. 


A polynomial function f has no vertical 
asymptotes. Its asymptotic behaviour for large 
values of x is the same as that of its dominant 
term anz”. 


an >0 | £T > œ £ > —00 

n even | f(x) > co f(z) > 00 
nodd | f(x) > co f(x) > —0o 
an <0 | £ > œ => —0 

n even | f(z) 4 —oo | f(x) + —00 
nodd | f(r) 4 —œ | f(x) > 00 
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11. Rational functions 


A rational function is a function of the form 


where p and q are polynomial functions. 


It has vertical asymptotes at the values of x for 
which q(x) = 0 and p(x) Æ 0, if there are any such 
values. 


It has at most one horizontal asymptote. 


To identify any horizontal asymptote of a rational 

function, compare the dominant term of the 

numerator p(x), say anx”, with that of the 

denominator q(x), say bmz™: 

e ifn >m, then the rational function has no 
horizontal asymptote 

e ifn < m, then the line y = 0 is a horizontal 
asymptote 

e if n = m, then the line y = c is a horizontal 
asymptote, where c = an /bm. 


12. Graph-sketching strategy 


Strategy A3  Graph-sketching 


To sketch the graph of a function f, 
determine the following features of f (where 
possible), and show these features in your 
sketch. 


. The domain of f. 
. Whether f is even, odd or periodic (or 
none of these). 


. The z-intercepts and the y-intercept of f, 
if any. 

. The intervals on which f is positive or 
negative. 

. The intervals on which f is increasing or 
decreasing, the nature of any stationary 
points, and the value of f at each of these 
points. 

. The asymptotic behaviour of f. 


You may be able to obtain enough information 
without including all the steps. 


3 New graphs from old 


13. Extended graph-sketching strategy 


To sketch the graph of a combination of two 
functions, one of which is a trigonometric 
function, it may help to exploit known features of 
the trigonometric functions and use other simple 
graphs as construction lines (which, if shown, 
must be dashed). 


Strategy A4 Extended strategy 


To sketch the graph of a function f, 

determine the features of f listed in steps 1-6 

of Strategy A3 (where possible) in addition to 

step 7 below, and show these features in your 

sketch. 

7. Any appropriate construction lines, and 
the points where f meets these lines. 


14. A hybrid function has a rule that is defined 
by different formulas on different parts of its 
domain. 


4 Hyperbolic functions 


15. Properties of the exponential function 


The function exp with rule f(x) = e” has the 

following properties: 

e the domain of exp is R 

e exp is not even, odd or periodic 

e e” > 0 for all x in R, so exp is positive on R 

e exp is its own derivative — that is, if f(x) = e”, 
then f'(x) = e” 

e since e” > 0 for all x in R, exp is increasing on R 

e e? = 1, e? > 1 for all x > 0 and e” < 1 for 
alla <0 

e et tY¥ = e?e for all x,y in R 

e e7 > œ as z > œ and e” > 0 as z —>—o0 

e if n is any positive integer, then e”/x” > co 
as x — oo, that is, e” grows faster than any 
polynomial when x is sufficiently large. 


16. Hyperbolic functions 


Sketches of hyperbolic functions and a table of 
trigonometric and hyperbolic identities are 
included in the Quick reference section on 
pages 129 and 181. 


e cosh is the hyperbolic cosine function, with 
rule 


cosh x = ; (e” + e™”) 


e sinh is the hyperbolic sine function, with 
rule 


: _ E Do pT 
sinha = 5 (e e ) 


e tanh is the hyperbolic tangent function, 
with rule 


sinh x 
tanh z = 


cosh x 
e sech is the hyperbolic secant function, 
with rule 


sech x = 
cosh x 


e cosech is the hyperbolic cosecant function, 
with rule 


cosech x = — 
sinh x 


e coth is the hyperbolic cotangent function, 
with rule 
1 


tanh z` 


coth x = 


5 Conics 


17. A conic section, or conic, is a curve 
obtained by slicing a double cone with a plane. 


A degenerate conic section, or degenerate 
conic, is obtained when the slicing plane passes 
through the apex of the double cone. It may be a 
single point, a straight line or two intersecting 
straight lines. 


A non-degenerate conic section, or 
non-degenerate conic, is a conic that is not 
degenerate. It may be a circle, an ellipse, a 
parabola or a hyperbola; sometimes a circle is 
considered to be a special type of ellipse. 
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18. Focus-directrix definitions of conics 
The set of points P such that the distance of P 
from a fixed point is a constant multiple, e, of the 
distance of P from a fixed line is 

e an ellipse if0<e<1 

e a parabola if e = 1 

e a hyperbola if e > 1. 

The focus of the conic is the fixed point, the 

directrix is the fixed line, and the eccentricity 

is the constant multiple e. 

19. Standard position 

The non-degenerate conics in standard position 

are illustrated in the Quick reference section on 

page 135. 

A (non-degenerate) conic is in standard 

position if it is positioned in the plane as follows. 

e For a circle: its centre is at the origin. 

e For an ellipse: its axes of symmetry are the zx- 
and y-axes, and its largest width is along the 
x-axis. 

e For a parabola: its axis of symmetry is the 
z-axis, it passes through the origin and its other 
points lie to the right of the origin. 

e For a hyperbola: its axes of symmetry are the 
x- and y-axes, and it crosses the x-axis. 


20. Parabola in standard position 


A parabola in standard position has equation 
y? =4ax, where a >0. 

It can be described by the parametric equations 

(teR). 


r =at, y = 2at 


It has focus (a, 0) and directrix x = —a; its axis is 
the x-axis and its vertex is the origin. 


Xy 
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21. Ellipse in standard position It has foci (+ae, 0) and directrices x = +a/e; it 
intersects the z-axis at the points (+a, 0) and has 
two asymptotes y = +(b/a)x. 


An ellipse in standard position has equation 


where a > b > 0, b? = a?(1—e?) and O<e< l; 
thus, 


It can be described by the parametric equations 


x=acost, y=bsint (te [0,27]). 


It has foci (+ae, 0) and directrices x = ta/e; its 
major axis is the line segment joining the points 
+a,0), and its minor axis is the line segment 
joining the points (0, +b). 


— 


23. A rectangular hyperbola is a hyperbola 
whose asymptotes are perpendicular. 


E A rectangular hyperbola in standard position has 
a = b and asymptotes y = +a. 
24. General equation of a conic 
When the empty set is defined to be a degenerate 
a conic we have the following result. 
A circle has no focus-directrix property, though it Theorem A18 
is sometimes considered to be an ellipse with À eh ; Pines 
eccentricity e = 0, a single focus and a directrix oy CORE Nas Sa il ule orm 
‘at infinity’. Az? + Bry + Cy? + Fx+Gy+H =0, 
22. Hyperbola in standard position where A, B, C, F, G and H are real 
A hyperbola in standard position has equation numbers, and A, B and C are not all zero. 
2 5 Conversely, the set of all points in R? whose 
alt 5 7 =1, coordinates (x,y) satisfy an equation of this 
a 


form is a conic. 


where b? = a? (e? — 1) and e > 1; thus 


It can be described by the parametric equations 


x=asect, y=btant 
(t € [27,7] excluding —5 and 5). 
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25. A parametrisation of a curve is a function 27. Parametrisations of conics in standard 
of the form position 

f:I—R? Circle: a(t) =(acost,asint), t€ [0, 27]. 

to (AO, fo(t)) Ellipse: a(t) = (acost,bsint), t€ [0,27]. 
where J is an interval, and the image set of f ut 
comprises the points of the curve. t=71/2 £ bsint) 
acost, bsin 

The parameter is the variable t, and fı and fo (0, b) 
are real functions of the parameter t, both with —_ t=0 
domain I. amy (a, 0) a 
We write 

f(t) = (40, AO), tel. e 

(0, —b) 
The curve has parametric equations 5 
Parabola: a(t) = (at*,2at), tER. 

z= filt), y= fle). Y Sh 

A parametrisation of a given curve need not be 2 
i er (atf, Zak) 
unique. Different parametrisations of a curve may 
correspond to different modes of traversing the 
curve. k 
(0,0) z 

26. Parametrisation of a line 
A parametrisation of the vertical line through the 
point (p, 0) is EW 

a(t) =(p,t), teR. Hyperbola: a(t) =(asect,btant), te [—7,7], 


excluding —7/2 and 7/2. 
A parametrisation of the line through the points 
(p,q) and (r,s) is 


a(t) =(p+(r—p)t,q+(s—q)t), teR. 


YA 


(p+ (r — p)t,g + (s — q)t) 


Sv 
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Book B Group theory 1 


Unit B1 Symmetry and 
groups 


1 Symmetry in R? 


1. A plane figure is any subset of the plane R?. 
A bounded plane figure is one that can be 
surrounded by a circle (of finite radius). 


2. An isometry of the plane is a function 

f : R? — R? that preserves distances; that is, for 
all points X,Y € R?, the distance between f(X) 
and f(Y) is the same as the distance between X 
and Y. 

A symmetry of a plane figure F is an isometry 


that maps F to itself, that is, an isometry 
f : R? — R? such that f(F) =F. 


3. An isometry of the plane is one of four types: 
e a rotation rotates each point of the plane 


through the same angle about a particular point 


e a reflection reflects each point of the plane in a 
particular line 


e a translation moves each point of the plane by 
the same distance in the same direction 


e a glide-reflection is a reflection in a line 
followed by a translation parallel to that line. 


4. A symmetry of a bounded figure is one of the 
following. 


e The identity symmetry (or identity), 
usually denoted by e: equivalent to doing 
nothing to a figure. 


e A rotation: specified by a centre and an angle 
of rotation. 


e A reflection: specified by a line — an azis 


of symmetry. 


The identity symmetry can be regarded as a zero 
rotation or a zero translation. 
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5. The trivial rotation is the rotation through 
0 radians; it is equal to the identity symmetry. 


A non-trivial rotation is any rotation that is 
not equal to the trivial rotation. 


When specifying a rotational symmetry, we 
measure angles anticlockwise (unless otherwise 
stated), and interpret negative angles as clockwise. 


All the rotational symmetries of a bounded plane 
figure have the same centre of rotation (except 
that the identity symmetry can be regarded as 

a rotation about any point), and all the axes of 
symmetry of the figure pass through this centre. 


6. A polygon is a bounded plane figure with 
straight edges. A regular polygon is a polygon 
all of whose edges have the same length and all of 
whose angles are equal. A regular n-gon is a 
regular polygon with n edges. 


7. Symmetries of a regular polygon 


A regular n-gon has 2n symmetries: n rotations 
(through multiples of 27/n) and n reflections. 


For odd values of n, each of the n axes of 
symmetry passes through a vertex and the 
midpoint of the opposite edge. 


For even values of n, there are n/2 axes of 
symmetry that pass through opposite vertices and 
n/2 axes of symmetry that pass through the 
midpoints of opposite edges. 


YX 


> NA 


Y 


n odd 


8. For any figure F, we denote the set of all 
symmetries of F by S(F). 


n even 


Every figure F has at least one symmetry, namely 
the identity symmetry. So, for every figure F, the 
set S(F) of symmetries of F is non-empty. 


9. Composition of symmetries 


Order of composition is important. In general, 
if F is a figure and f,g € S(F), then go f may or 
may not be equal to f og. That is, in general, 
composition of symmetries is not commutative. 


Composition of symmetries of a bounded plane 
figure follows a standard pattern: 


o rotation reflection 
rotation | rotation reflection 
reflection | reflection rotation 


Composing a reflection with itself gives the 
identity symmetry e. 


10. Properties of symmetries 


Propositions B1, B2, B3 and B4 

B1 Closure property for symmetries 
The set of symmetries S(F) of a plane 
figure F' is closed under composition of 
functions; that is, for all elements f and g 
of S(F), the composite go f is an element 
of S(F). 

B2 Associativity property for symmetries 
Composition of symmetries is associative; 
that is, if F is a plane figure, then for all 
de 9, h € S( ), 


ho(gof)=(hog)of. 


B3 Identity property for symmetries 
The set S(F) of symmetries of a plane 
figure F contains a special symmetry e (the 
identity symmetry) such that, for each 
symmetry f in S(F), 


foe=f=e0f. 

B4  Inverses property for symmetries 
Each symmetry f in the set S(F) of 
symmetries of a plane figure F has an 
inverse symmetry f~! in S(F), such that 


fof "== eL 


11. Symmetries of the disc 


The set of symmetries of the disc is 


S(O) = {rọ : 0 € [0,27)+U {qo : 0 € [0, 7)}, 
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where 

rg is rotation through an angle 0 about the 
centre (measured anticlockwise), 
for 0 € [0, 27); 

qo is reflection in the line through the centre at 
an angle @ to the horizontal (measured 
anticlockwise), for 0 € [0, 7). 


To 


The zero rotation ro is the identity symmetry e. 
The symmetry qo is reflection in the horizontal 
axis and is not the identity symmetry. 


12. Direct and indirect symmetries 


The direct symmetries of a plane figure F are the 
symmetries of F that can be demonstrated with a 
paper model without lifting it out of the plane to 
turn it over. The set of direct symmetries of F is 
denoted by S*(F). 


The indirect symmetries of F are the remaining 
symmetries: they are the symmetries that cannot 
be demonstrated with the paper model without 
lifting it out of the plane, turning it over and then 
replacing it in the plane. 


For a bounded plane figure, the direct symmetries 
are rotations and the indirect symmetries are 
reflections. 


Composition of direct and indirect symmetries 
follows a standard pattern: 


o direct indirect 
direct direct indirect 
indirect | indirect direct 


Theorem B5 


If a plane figure has a finite number of 
symmetries, then either 


e all the symmetries are direct, or 


e half of the symmetries are direct and half 
are indirect. 
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2 Representing symmetries 


13. The two-line symbol representing a 
symmetry f of a polygon F that has vertices at 
locations labelled 1, 2,3,...,n is 


( 1 2 3 tea, n ) 

FD F) FB) fn)’ 

where f(1), f(2), f(3),..., f(n) are the labels of 
the locations to which f moves the vertices 
originally at the locations labelled 1,2,3,...,n, 
respectively. 


We say that f is written in two-line notation. 
The order of the columns in a two-line symbol is 


not important, though we usually use the natural 
order to aid recognition. 


14. To find the inverse of a symmetry f, find the 
two-line symbol for f and turn it ‘upside down’, 


then rearrange the columns into the natural order. 


3 Definition of a group 


15. A binary operation on a set is a means of 
combining any two elements of the set. 


Group axioms 


Let G be a set and let o be a binary operation 
defined on G. Then (G,o) is a group if the 
following four group axioms hold. 

G1 Closure For all g, h in G, 


goheG. 
G2 Associativity For all g, h, k in G, 
go (hok) =(goh)ok. 


G3 Identity There is an element e in G 
such that 


goe=g=eog for all y in G. 
(This element is an identity (element) 
for o on G.) 
G4 Inverses For each element g in G, 
there is an element h in G such that 


goh=e=hog. 


(The element h is an inverse (element) 
of g with respect to o.) 


16. An abelian (or commutative) group (G, o) 
has the additional property that 


goh=hog forallg,h in G. 
A non-abelian group is one that is not abelian. 
We say elements g and h commute if goh = hog. 
17. Order of a group 


A group (G, o) is finite if the set G is a finite set. 
A finite group (G, o) is of order n if G has 
exactly n elements; we write |G| = n. 

A group (G, o) is infinite if the set G is an 
infinite set. It has infinite order. 

18. Field definition in terms of groups 


If F is a set, and + and x are binary operations 
defined on F, then we say that (F, +, x) is a field 
if it has the following three properties. 
e (F,+) is an abelian group. 
e (F — {0}, x) is an abelian group (where 0 is the 
identity element for + on F). 
e The distributive law 
wx (y +2) =(@x y) + (0x2) 
holds for all x,y,z € F. 
19. Identity and inverses for sets of 
numbers 
For a set of numbers, if the binary operation is: 
e ordinary addition, then the only possible 
identity element is 0 and the only possible 
inverse of an element x is —x 
e ordinary multiplication, then the only possible 
identity element is 1 and the only possible 
inverse of an element x is 1/z. 
The identity and inverses may be different for 
other binary operations such as those used in 
modular arithmetic. 


20. You may assume without proof that the 
following binary operations are associative. 


Standard associative binary operations 
e Addition 

e Modular addition 
e Matrix addition 


e Function composition 


e Multiplication 


e Modular multiplication 


e Matrix multiplication 


21. To show that a set and binary operation do 
not form a group, show that any one of the four 
group axioms fails. 


22. A Cayley table for a finite set G and binary 
operation o records the composites of the elements 
in G. 

The elements of G are listed in the same order 
along the top and down the side. For any two 
elements x,y € G, the composite x o y is in the cell 
in the row labelled x and the column labelled y. 


O eee Y 


Note that x is on the left both in the composite 
and in the border of the table. 


The borders of a Cayley table are the lists of 
elements along the top and down the side of the 
table. Its body is the rest of the table. 

The main diagonal (or leading diagonal) of a 
Cayley table is the diagonal that goes from the 
top left to the bottom right. It contains the 
results of composing each element with itself. 


A group table is a Cayley table of a group. 


23. An element is self-inverse if it is its own 
inverse. 


24. Identity and inverses in a Cayley table 


Propositions B6 and B7 

Let G be a finite set and let o be a binary 

operation on G. 

e The element e of G is an identity element 
for o on G if and only if the row and 
column labelled e in a Cayley table for 


(G, o) both repeat the table borders. 


e The element h of G is an inverse of the 
element g of G if and only if e appears in a 
Cayley table for (G, o) in the position that 
is in the row labelled g and column 
labelled h, and also in the position that is 
in the row labelled h and column labelled g. 
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Identifying inverses from a Cayley 
table 


In a Cayley table for a set G and binary 
operation o on G with an identity element e: 


e wherever e occurs on the main diagonal, 


the corresponding element in the table 
borders is self-inverse 

wherever e occurs symmetrically with 
respect to the main diagonal, the 
corresponding elements in the table borders 
are inverses of each other. 


25. Checking the group axioms for a small 
finite set 


Using a Cayley table to check the 
group axioms 


Let G be a finite set and let o be a binary 

operation defined on G. Then (G,o) is a 

group if and only if the Cayley table for 

(G,o) has the following properties. 

G1 Closure The table contains only 
elements of the set G; that is, no new 
elements appear in the body of the table. 

G2 Associativity The operation o is 
associative. 

(This property is not easy to check from a 


Cayley table.) 

G3 Identity A row and a column labelled 
by the same element repeat the table 
borders. This element is an identity 
element, e say. 


G4 Inverses Each row contains the identity 
element e, occurring either on the main 
diagonal or symmetrically with another 
occurrence of e, with respect to the main 
diagonal. (For each such occurrence of e, 
the corresponding elements in the table 
borders are inverses of each other.) 


26. R*, Q* and C* denote the sets of all non-zero 
real, rational and complex numbers, respectively. 


R* and Q* denote the sets of all positive real and 
rational numbers, respectively. 
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27. Standard groups of numbers 
(Z,+), (Q+), (R,+),  (C,+), 
(Qx), (Rx), (C*,x). 
28. Groups from modular arithmetic 
Zy denotes the set of all non-zero integers in Zn. 


Un denotes the set of all integers in Z, that are 
coprime to n. 


Theorems B8 and B9 


For each integer n > 2: 


e the set Zn is a group under +» 
e the set Un is a group under Xn. 
Corollary B10 


For each prime p, the set Z% is a group 
under Xp. 


These are not the only groups that come from 
modular arithmetic. 


4 Deductions from the group 


axioms 


29. Axiom G2 (associativity) tells us that 

e we can write a composite of any finite number 
of group elements with no brackets, without any 
ambiguity 

e we can evaluate a composite of group elements 
by bracketing it however we wish, provided that 
we do not change the order in which the 
elements appear. 


30. Uniqueness of the identity and inverses 


Propositions B11 and B12 


In any group: 


e the identity element is unique 


e each element has a unique inverse. 


Notation Let g be an element of a group (G, o) 
with identity element e. Then we denote the 
inverse of g by g~!. So 


1 1 


gog =e=g ©g. 


31. Properties of inverse elements 


Proposition B13 


Let g be an element of a group (G, o). Then 
the inverse of g~ 


Gy =g. 


l is g, that is, 


Proposition B14 


Let x and y be elements of a group (G, o). 
Then 


(xoy) t =y! 


Proposition B14 extends to composites of more 
than two group elements. For example, 
if x, y and z are elements of a group (G, o), then 


l log a 


(noyor)1=z oy 
Warning: Note the reversed order. 


32. Cancellation Laws 


Proposition B15 

In any group (G,o) with elements a, b and z: 
Left Cancellation Law 

then a = b 

Right Cancellation Law 

then a = b. 


ifxoa=xo0b, 


ifaox=box, 


33. Properties of group tables 


Propositions B16, B17, B18 and B19 


In a group table: 

B16 the only elements in the body of the 
table are those that appear in the table 
borders 

B17 the row and column corresponding to 
the identity element repeat the table 
borders 

B18 each element of the group occurs 
exactly once in each row and exactly once 
in each column 


B19 the identity element e occurs 
symmetrically with respect to the main 
diagonal. 


Proposition B20 
A group is abelian if and only if its group 


table is symmetrical with respect to the main 
diagonal. 


5 Symmetry in R® 


34. A figure in R? is any subset of R?. 
A bounded figure in R® is one that can be 
surrounded by a sphere (of finite radius). 


A solid figure (or solid) is a figure in R? with 


non-zero height, non-zero width and non-zero 


depth. 
35. Polyhedra 


A polyhedron is a bounded solid whose faces are 
polygons. 


A convex polyhedron is a polyhedron without 
dents or dimples or spikes: the line segment 
joining any two points that lie on different faces 
always lies inside the polyhedron. 


A regular polyhedron (or Platonic solid) is a 
convex polyhedron in which all the faces are 
congruent regular polygons and at each vertex the 
same number of faces meet, arranged in the same 
way. 


There are precisely five regular polyhedra: 


e the tetrahedron, with four triangular faces 
e the cube, with six square faces 
e the octahedron, with eight triangular faces 


the dodecahedron, with twelve pentagonal 
faces 
e the icosahedron, with twenty triangular faces. 


36. An isometry of R? is a function 
f : R? — R? that preserves distances. 


A symmetry of a figure F in R? is an isometry 
that maps F to itself; that is, an isometry 
f : R? — R? such that f(F) = F. 
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37. A symmetry of a bounded figure in R? is one 
of the following. 


e The identity symmetry e: equivalent to doing 
nothing to a figure. 

e A rotation: specified by an axis of symmetry, 
together with a direction of rotation and an 
angle of rotation. 

e A reflection: specified by the plane in which 
the reflection takes place. 

e A composite of isometries of the types above — 
which may itself be of one of the types above, or 
(unlike with symmetries of plane figures) may 
not. 


38. Symmetry group of a figure 


Theorem B21 


If F is a figure (in R? or R*), then S(F) is a 
group under function composition. 


This group is called the symmetry group of F. 
39. Direct and indirect symmetries 


The direct symmetries of a figure in R? are those 
that can be demonstrated with a model (that is, 
rotations). 


The indirect symmetries are those that cannot be 
demonstrated physically with the model (that is, 
reflections or composites of a reflection and a 
rotation). 


Theorem B22 

If a figure (in R? or in R3) has a finite 
number of symmetries, then either 

e all the symmetries are direct, or 


e half of the symmetries are direct and half 
are indirect. 


If there are indirect symmetries, then they 
can all be obtained by composing any single 
indirect symmetry with all of the direct 
symmetries. 
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40. Counting symmetries 


Strategy B1 Regular polyhedra 

To determine the number of symmetries of a 
regular polyhedron, do the following. 

1. Count the number of faces. 

2. Count the number of symmetries of a face. 
3. Then 


number of 
symmetries of the 
regular polyhedron 


number of number of 
= x A . 
faces symmetries of a face 


Strategy B2 Non-regular polyhedra 


To determine the number of symmetries of a 
non-regular polyhedron, do the following. 


1. Select one type of face. 
(For two faces to be of the same type, it 
must be possible to place the polyhedron 
with either of the faces as its base and 
have it occupy the same space.) 

. Count the number of faces of this type. 

3. Count the symmetries of a face of this type 
that give symmetries of the polyhedron. 

4. Then 

number of 


symmetries of 
the polyhedron 


number of 
symmetries of a face 
of this type that 
give symmetries of 
the polyhedron 


number of 
= | faces of the 
selected type 
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Unit B2 Subgroups and 
isomorphisms 


1 Subgroups 

1. A subgroup of a group (G, o) is a group 
(H, o), where H is a subset of G. 

A subgroup has the same binary operation as the 
original group. 

2. The trivial subgroup of a group contains 
only one element: the identity element. 

A proper subgroup of a group is any subgroup 
other than the whole group. 


Every group (G,o) with more than one element 
has at least two subgroups: the group (G, o) itself, 
and the trivial subgroup (e), o). 


3. Identities and inverses in subgroups 


Theorem B23 
Let (G,o) be a group with a subgroup (H, o). 
(a) The identity element of (H, o) is the same 


as the identity element of (G, o). 
(b) For each element h of H, the inverse of h 
in (HA, o) is the same as its inverse in (G, o). 


4. Subgroup properties 


Theorem B24 Subgroup test 

Let (G,o) be a group with identity element e, 
and let H be a subset of G. Then (H,o) isa 

subgroup of (G, o) if and only if the following 
three subgroup properties hold. 


SG1 Closure For all x, y in H, the 
composite zo y is in H. 

SG2 Identity The identity element e of G 
is in H. 


SG3 Inverses For each zx in H, its inverse 
a! in G is in H. 


To show that a subset H of G is not a subgroup of 
(G,o), show that any one of the three subgroup 
properties fails. 


5. Convention We often refer to a group 
(G, o) just as the group G, provided this will not 
cause confusion. For instance, we often do this in 
the following situations: 


e where there is an ‘obvious’ binary operation 
under which a set G is a group 


e where the binary operation associated with a 
set G is clear from the context 


e where we are discussing a general, abstract 
group and do not need to refer to the binary 
operation. 


6. Subgroups of symmetry groups 


Theorem B25 


Let F be a figure in R? or R®. Then the 
set SH(F) of direct symmetries of F is a 
subgroup of the symmetry group S(F) of F. 


Theorem B26 


Let F be a figure in R? or R? and let A be a 
subset of F. Then the subset of S(F) whose 
elements are all the symmetries of F that 
fix A is a subgroup of S(F’). 


Strategy B3 Finding subgroups of 
symmetry groups 


To find a subgroup of the symmetry group of 
a figure in R? or R°, do one of the following. 


e Find the direct symmetries of the figure. 

e Modify the figure to restrict its symmetry; 
for example, introduce a pattern of lines or 
shapes. Then determine which of the 
symmetries of the original figure are 
symmetries of the new figure. 

Find the symmetries of the figure that fix a 
particular vertex (or any other particular 
subset of the figure). 
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2 Order of a group element 


7. Powers and multiples of a group 
element 


Powers of an element x of a group (G,o) are 
defined as follows. Let n be a positive integer. 


Then 


0 


x =e, the identity element 


gw =xroxzO:--0x 
a a 


n copies of x 
r =g tog lo... oogt. 
n copies of x7! 
All powers of x are elements of G, since G is 
closed under o. 


Multiples of an element x of a group (G, +) are 
defined as follows. Let n be a positive integer. 
Then 


Ox = 0, 
NME=H+L++ -+T 
—_—— rea? 

n copies of x 


— ng = (=x) + (=r) +- 


the identity element 


+ (-2). 
n copies of —x 


All multiples of x are elements of G, since G is 
closed under +. 


8. Multiplicative and additive notation 


Feature Multiplicative Additive 

notation notation 
Composite aob a+b 

or axb (or similar) 

or ab 

(or similar) 
Identity eorl 0 
Inverse y! =g 
Power/multiple g" no 


A multiplicative group is a group for which we 
use multiplicative notation. 


An additive group is a group for which we use 
additive notation. Additive groups are always 
abelian, because addition is a commutative 
operation. 
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Index laws 


Theorem B27 Multiplicative notation 


Let x be an element of a group (G, 0), and let 
m and n be integers. The following hold. 


(aja og" = 
(b) (em)? = an 


oer errs 


Theorem B28 


Let x be an element of a group (G, +), and 
let m and n be integers. The following hold. 


Additive notation 


(a) mz + ne = (m +n)z 
(b) n(mx) = (nm)x 
(c) —(nx) = (—n)a =n(=x) 


10. Order of a group element 


Let x be an element of a group (G, o). 


The order of x is the smallest positive integer n 
such that x” = e, if such an integer n exists. If it 
does exist, then we say that x has finite order. 


If there is no positive integer n such that x” = e, 
then x has infinite order. 
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Theorem B29 

Let x be an element of a finite group (G, o). 
Then x has finite order. 

Theorem B30 


If x is an element of a group (G,o), then 
either x and x7! have the same finite order, 
or they both have infinite order. 


Theorem B31 


Let x be an element of a group (G, o). 
(a) If x has finite order n, then the n powers 


n—1 


e, 1,1%, ..., L 


are distinct, and these elements repeat 
indefinitely every n powers in the list of 
consecutive powers of z. 

(b) If x has infinite order, then all the powers 
of x are distinct. 


11. Order of the identity and order of 
self-inverse elements 


Let (G,o) be a group with identity element e. 

e e has order 1. 

e If the element x is self-inverse and x Æ e, then x 
has order 2. 


12. The inverse of a group element x of finite 
order is the element that appears immediately 
before the identity element in the cycle of powers 


of z; that is, a? = a7". 
og On -1 
ae e o => x 
x n-1 


£ 
ye 


3 Cyclic subgroups and cyclic 
groups 
13. Subgroup generated by an element 


Let x be an element of a group (G,o). The subset 
of G generated by x, denoted by (x), is the set of 
all powers of x: 


la) = {x" : k € Z}. 


In additive notation, if x is an element of a group 
(G, +), then the subset of G generated by x is the 
set of all multiples of x: 


(x) = {ka :k € Z}. 


Theorem B32 


Let x be an element of a group (G, o). Then 
((x),o) is a subgroup of (G, o). 


This subgroup is called the cyclic subgroup of G 
generated by z. 


The element x is a generator of (x). 


Warning: (x) is a subgroup whereas « is an 
element. 


14. Order and elements of a cyclic subgroup 


Theorem B33 


Let x be an element of a group. 


(a) If x has finite order n, then the 
subgroup (1) has order n. 


In multiplicative notation, 
(x) = {e, £, 2°, ..., 271}. 
In additive notation, 
(x) = {0, x, 2x,..., (n — 1)z}. 
(b) If x has infinite order, then the 


subgroup (<x) has infinite order. 


In multiplicative notation, 
(æ) = {..., 07? a 
In additive notation, 


(x) = {...,—2x£,—x,0, £, 2£,...}. 


15. Some special cyclic subgroups 


Let (G,o) be a group with identity element e, and 
let x EG. 


e (e) = {e}. 

e If x is self-inverse and x H e, then (x) = {e,z}. 
e (171) = (x). 

16. The set of integer multiples of any 
number «x is 


zZ ={tk:k € Z} 
= {...,—2x, —x,0, £, 2x, Bio. de 


The group (nZ, +), for any integer n, is the 
subgroup of (Z, +) generated by n. 
17. Cyclic groups 


A group G is cyclic if there is an element z € G 
such that G = (z). 


It is non-cyclic if there is no such element. 


Theorem B34 
Let G be a finite group of order n. Then G is 


cyclic if and only if G contains an element of 


order n. 
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Theorem B35 


Every cyclic group is abelian. 


Warning: not all abelian groups are cyclic. 


Theorem B36 


Every subgroup of a cyclic group is cyclic. 


18. The cyclic group (Zn, +n) 


Theorem B37 


For each integer n > 2, the group (Zn, +n) is 
a cyclic group of order n. It is generated by 
the integer 1. 


Theorem B38 


Let m be a non-zero element of the 
group (Zn, +n). Then m has order n/d, 
where d is the HCF of m and n. 


Corollary B39 


Let m be a non-zero element of the 
group (Zp, +p), where p is prime. Then m has 
order p. 


Corollary B40 Generators of (Zn, +n) 


Let m € Zn. Then m is a generator of the 
group (Zn, +n) if and only if m is coprime 
to n. 


Thus the generators of the group (Zn, +n) are the 
elements of the set Un. 


Theorem B41 


The group (Zn, +n) has exactly one cyclic 
subgroup of order q for each positive factor q 
of n, and no other subgroups. 


e The subgroup of order 1 is generated by 0. 


e For each other factor q of n, the subgroup 
of order q is generated by d, where qd = n. 


Remember that the factors of n include 1 and n. 
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4 Isomorphisms 


19. Isomorphic groups are ‘structurally 
identical” to each other. 


Isomorphic groups 


Two groups (G,o) and (H,*) are 
isomorphic if there exists a mapping 
$: G — H with the following properties. 


(a) ¢ is one-to-one and onto. 
(b) For all x,y € G, 


olx o y) = plz) * (y). 


Such a mapping d is called an isomorphism. 


composite 
of images 


composite 


We use the symbol to denote the relation “is 
isomorphic to”. If (G,o) and (H, x) are 
isomorphic, we write 


(G, 0) = (H, x) 


or G = H when the operations are clear. 


Theorem B43 
If two groups (G,o) and (H,x) are 


isomorphic, then either (Go) and (H,*) are 
both finite, with the same order, or they are 
both infinite. 


20. The Klein four-group V is a standard, 
abstract group isomorphic to (S(=), 0). 


The cyclic group of order n is an abstract 
cyclic group of order n denoted by Ch. 


21. Isomorphism is an equivalence relation 


Theorem B44 


The relation ‘is isomorphic to’ is an 
equivalence relation on the collection of all 
groups. That is, the following three 
properties hold. 


Reflexivity Every group is isomorphic 
to itself. 
Symmetry For any groups (G, o) 
and (H, x), if (G, o) is isomorphic to (H, x), 
then (H, x) is isomorphic to (G,o). 
Transitivity For any groups (G,o), (H,x) 
and (K, a), if (G, 0) is isomorphic to (H, x) 
and (H, x) is isomorphic to (K, a), 
then (G, o) is isomorphic to (K, 1). 


The collection of all groups can be partitioned into 
isomorphism classes such that two groups 
belong to the same isomorphism class if they are 
isomorphic, but belong to different classes 
otherwise. 


22. Showing that groups are isomorphic 


Strategy B4 Isomorphic groups 


To show that two groups are isomorphic, try 
one of the following methods. 


e Use facts that you know about the 
structures of the groups (such as whether 
they are cyclic, or abelian, and how many 
self-inverse elements they have), together 
with facts that you know about 
isomorphism classes. 

If the groups have small finite order, 
rearrange their Cayley tables to have the 
same pattern. 

If the groups are infinite or have large finite 
order, show algebraically that there is an 
isomorphism from one group to the other. 


To help you identify a suitable rearrangement 
of a Cayley table, or an isomorphism, try 
using the properties in Theorems B45 

and B46. 


23. Properties of isomorphisms 


Theorem B45 


Let (G,o) and (H,*) be groups with 
identities eg and ep, respectively. Any 
isomorphism ¢ : (Go) — (H,*) has the 
following properties. 

(a) ¢ matches the identity elements: 


olea) = ep. 


(b) $ matches inverses: for each g € G, 


ó(g >) = (89). 
(c) $ matches powers of each element: 
for each g € G and each k € Z, 


o(g*) = ($9). 


Theorem B46 


Let ¢ : (G,o) — (H, *) be an isomorphism. 


Let ge G. 
e If g has order n, then so does ¢(g). 
e If g has infinite order, then so does $(g). 


Theorem B47 


Let ¢ : (G,o) — (H, x) be an isomorphism. 


If K is a subgroup of (G,o), then 
O(K) = {o(k) : k € K} 
is a subgroup of (H, x). 


Theorem B48 

Let (G,o) and (H,*) be isomorphic groups. 
(a) If (G,o) is abelian then so is (H, x). 

(b) If (G, o) is cyclic then so is (H, x). 
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24. Showing that groups are not isomorphic 


Strategy B5 Non-isomorphic groups 


To show that two groups are not isomorphic, 
try comparing their features. If any of the 
following are not the same for both groups, 
then they are not isomorphic: 
their orders 
whether they are abelian 
whether they are cyclic 
their numbers of self-inverse elements 
the numbers of different elements in the 
main diagonals of their Cayley tables 
their numbers of elements of a particular 
order. 


Warning: Even if all these are all the same, the 
two groups are not necessarily isomorphic. 


25. Isomorphisms of cyclic groups 


Theorems B49 and B50 
Let (G,o) and (H,*) be cyclic groups 
generated by a and b, respectively. If (G, o) 
and (H,*) have the same finite order n, or 
they both have infinite order, then they are 
isomorphic, and an isomorphism is given by 

ġ:G — H 

afb. 

where k=0,1,...,n— 1 (for finite groups) 
or k € Z (for infinite groups). 


Strategy B6 Finding an isomorphism 


To find an isomorphism between two finite 
cyclic groups (G, o) and (H,x) of the same 
order n, do the following. 
1. Find a generator a of (G, o) and a 
generator b of (H, x). 
2. Construct the isomorphism 
ġ:G — H 


aë —> b 


For additive cyclic groups the mapping a* +> b* 
becomes ka — kb. 
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Unit B3 Permutations 


1 Permutations 


1. A permutation of a finite set S is a 
one-to-one function from S to S. 


We refer to the elements of S as the symbols 
being permuted. Usually we take 
ie Lit) 


2. The two-line form of a permutation lists the 
symbols being permuted on one line, and the 
corresponding image of each symbol underneath it 
on a second line, enclosing the whole array in 
brackets. 


For example, the permutation 
7 8 
7 5 


maps 1 to 4, maps 2 to 6, and so on. 


4 5 6 
3 1 2 


3. The cycle form of a permutation 


The permutation f above can also be written in 
cycle form as 


f =(14385)(26)(7). 


This notation indicates that f maps the symbols 
as follows. 


a 


JOO 


Oe ae 


We say that f is the product of the the disjoint 
cycles (1 4 3 8 5), (2 6) and (7). Here disjoint 
means that each symbol belongs to only one cycle. 


A permutation is written in cycle form when it is 
written as a product of disjoint cycles. 
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Theorem B51 


Every permutation can be written in cycle 
form. The cycle form of a permutation is 
unique, apart from the choice of starting 
symbol in each cycle and the order in which 
the cycles are written. 


Strategy B7 Finding the cycle form 


To find the cycle form of a permutation f, do 

the following. 

1. Choose any symbol (such as 1) and find its 
image under f, then find the image of its 
image under f, and so on, until you 
encounter the starting symbol again. 

. Write these symbols as a cycle. 

. Repeat the process starting with any 
symbol that has not yet been placed in a 
cycle, until all the symbols have been 
placed in cycles. 


In step 3 it is sensible to start with the next 
available symbol in numerical order. 


4. A symbol is fixed by a permutation if the 
permutation maps that symbol to itself; it forms a 
cycle containing just that symbol. 


5. The identity permutation of a set S is the 
permutation of S that fixes every symbol. 


6. Cycle form conventions 

e We usually write the smallest symbol in each 
cycle first, and arrange the cycles with their 
smallest symbols in increasing order. 

e When it is clear from the context which set of 
symbols is being permuted, we omit fixed 
symbols from the cycle form. 

e When working with permutations in cycle form, 
we denote the identity permutation by e. 


7. Composing permutations 
A composite of permutations is a permutation. 


Composition of permutations is not commutative 
in general: if f and y are permutations, then go f 
and f og may not be equal. 


Strategy B8 Finding g o f 


To find the composite g o f of two 
permutations written in cycle form, do the 
following. 


1. Start with the smallest symbol, 1 say. 
Find the symbol that is the image of 1 
under f, then find the image of that 
symbol under g, and write the result, x 
say, next to 1 in a cycle: 


(La ses 


. Starting with the symbol «x, repeat the 
process to obtain the next symbol in the 
cycle. 

. Continue repeating the process until the 
next symbol found is the original 
symbol 1. This completes the cycle. 

. Starting with the smallest symbol not yet 
placed in a cycle, repeat steps 1 to 3 until 
every symbol has been placed in a cycle. 

. Usually, rewrite the cycle form omitting 
the cycles containing a single symbol, if 
there are any. 


A permutation is equal to the composite of its 
disjoint cycles; for example, if 


f = (1 3)(2 4 9 6)(5 78), 
then 

f= (1 3)o (249 6)o (578). 
8. Inverse of a permutation 


The inverse f~! of a permutation f undoes what 
f does; that is, if f maps x to y, then f7* maps y 
to T. 


Strategy B9 Finding f—! 


To find the inverse of a permutation written 
in cycle form, do the following. 


1. Reverse the order of the symbols in each 
cycle. 


. Then, usually, rewrite each cycle so that 
the smallest symbol is first. 


Unit B3 Permutations 


2 Permutation groups 


9. The symmetric group Sn 


Theorem B52 
The set S» of all permutations of the set 


{1,2,3,...,n} is a group under function 
composition. 


This group Sn is called the symmetric group of 
degree n. 


Theorem B53 


The symmetric group S, has order n!. 


10. A permutation group (or group of 
permutations) is a subgroup of the group Sn, for 
some positive integer n. 


11. Symmetry groups as subgroups of S,, 


When the symmetries of a figure are represented 
by permutations they form a subgroup of a 
symmetric group. 


If a figure has n vertices (or other features, such as 
edges or faces), and we label the locations of these 
vertices (or other features) with the symbols 
1,2,...,n, then the permutations of these symbols 
that represent the symmetries of the figure form a 
subgroup of the group Sy. 


More generally, if we label the locations of the 
vertices (or other features) of a figure with some 
or all of the symbols from the set {1,2,...,n}, 
then the permutations of these symbols that 
represent the symmetries of the figure form a 
subgroup of the symmetric group Sn. Any 
symbols in {1,2,...,n} that are not used to label 
the figure are taken to be fixed. 


12. An r-cycle or a cycle of length r is a 
permutation whose cycle form consists of a single 
cycle permuting r symbols (with all other 
symbols, if there are any, fixed). 


A transposition is a 2-cycle. 
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13. Two permutations in S, have the same 
cycle structure if their cycle forms contain the 
same number of disjoint r-cycles for each natural 
number r. 


14. Elements of S3 and S4 


Cycle structure Elements of S3 Description 
e e identity 
(— —) (1 2), (1 3), (23) transpositions 
(= -— -) (1 23), (132) 3-cycles 
Cycle Elements of S4 Description 
structure 
e e identity 
(— —) (1 2), (1 3), (14), transpositions 
(2 3), (2 4), (3 4) 
(= — -) (123), 1232), 3-cycles 
(1 2 4), (1 4 2), 
(134), (143), 
(2 3 4), (243) 
(— — —-) (1234), (1432), 4-cycles 
(1243), (1342), 
(1324), (1423) 
(——-)(— -) (1 2)(8 4), two 2-cycles 
(1 3)(2 4), 
(1 4)(2 3) 


15. Order of a permutation 


Theorem B54 


An r-cycle has order r. 


Theorem B55 


The order of a permutation is the least 
common multiple of the lengths of its cycles. 


16. The double tetrahedron is the solid formed 
by sticking together two regular tetrahedrons of 
the same size. 


3 Even and odd permutations 


17. Expressing a cycle as a composite of 
transpositions 


Strategy B10 Transpositions 


To express a cycle (az a2 a3 ... ar) asa 
composite of transpositions, do the following. 
Write the transpositions 

(a1 az), (a1 a3), (az as), ..., (a1 ar) 


in reverse order and form their composite. 
That is, 
(ai a2 a3... 


= (a1 ar) © 


di) 


(a Gp—1) 0-++ 0 (ay az) o (a1 az). 
This strategy does not produce a unique 
expression for a cycle as a composite of 
transpositions. However, for an r-cycle it always 


produces a composite of r — 1 transpositions. 


18. Expressing a permutation as a 
composite of transpositions 


Theorem B56 


Every permutation can be expressed as a 
composite of transpositions. 


To express a permutation as a composite of 
transpositions, apply Strategy B10 to each of its 
cycles. 


19. Parity of a permutation 


Theorem B58 Parity Theorem 


A permutation cannot be expressed both as a 


composite of an even number of 
transpositions and as a composite of an odd 
number of transpositions. 


An even permutation can be expressed as a 
composite of an even number of transpositions. 


An odd permutation can be expressed as a 
composite of an odd number of transpositions. 
The parity of a permutation is its 

evenness /oddness. 
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20. Parity of a cycle 23. The alternating group An 


Theorem B61 


The set A, of all even permutations of the set 


Theorem B59 


An r-cycle is 


{1,2,3,...,n} is a subgroup of the symmetric 


e an even permutation, if r is odd 
group Sy. 


e an odd permutation, if r is even. 


In particular, a transposition is an odd 
permutation and the identity permutation is This group A, is called the alternating group 
an even permutation. of degree n. 


: : : Theorem B62 
21. Finding the parity of a permutation 


For each integer n > 2, the alternating 
group Án has order 3(n!). 


Strategy B11 Parity of a permutation 


To determine the parity of a permutation, do 


ihe follows. 24. The alternating group Ax comprises the 


1. E th tati ite of twelve elements 
. Express the permutation as a composite o (1 2)(3 4), 0324, (1 4)(2 3), 


oe e, 
cycles (either disjoint or not). (123), (124) (134) (2.34) 


. Find the parity of each cycle, using the (132) (1 42) (143) (2 4 3) 
rule > > ; 
. Jeven, ifr is odd, 4 C . as 
an r-cycle is a onjugacy IN On 
odd, ifr is even. 
. Combine the even and odd parities using 25. Conjugate permutations 
the following table. The permutation y is a conjugate in S,, of the 
permutation x if there is a permutation g in Sn 


+ | even odd such that 


even | even odd 
odd | odd even 


y=gorog 
We say that: 


e g conjugates z to y 
22. Parity of an inverse permutation e y is the conjugate of x by g 
e g is a conjugating permutation 
Theorem B60 e x and y are conjugates, or conjugate 
permutations. 


A permutation and its inverse have the same 
parity. 


26. Renaming method 
1 


To find the conjugate y = go x og *, where x 


and g are permutations in Sn, replace each symbol 
in the cycle form of x by its image under g. 


For example, 
¢=(1 2 5)(3 4) 
ay 444 44 whereg=(1354). 
y = (3 2 4)(5 1) 
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27. Finding conjugating permutations 


Strategy B12 Finding a conjugating 
permutation 


To find a permutation g such that 
y=goxog |, where x and y are 
permutations with the same cycle structure, 
do the following. 

1. Match up the cycles of x and y (including 
1-cycles) so that cycles of equal lengths 
correspond. 
god Oe a ee ae 

. Read off the two-line form of the renaming 
permutation g from this diagram. 
(Usually, write g in cycle form.) 


For example, with x = (1 2 4)(3 5) and 
y = (1 4)(2 5 3) in Ss, we obtain 

c=(124(35) 

g4} 4444} 

y = (2 5 3)(1 4), 
which gives g = (1 2 5 4 3). 
In general, to find further permutations g such 
that y = go x o g7}, change the starting symbols 
in the cycles of y, and rearrange the cycles of y, if 
possible. (For example, above there are five other 
ways to write y including y = (5 3 2)(1 4) and 
y = (5 3 2)(4 1).) 
28. Conjugate permutations and cycle 
structure 


Theorem B64 


Two permutations in the symmetric group Sn 


are conjugate in S,, if and only if they have 
the same cycle structure. 


29. Conjugate subgroups in S,, 
Let H be a subgroup of Sn, and let g € Sn. Then 


goHog*=f[gohog*:he H}. 


That is, go Hog! is the set obtained by 
conjugating every element of H by g. 


Theorem B65 


Let H be a subgroup of Sn, and let g € Sy. 
Then go Hog! is also a subgroup of Sn. 


This subgroup is called the conjugate subgroup 
of H by g. We say that go Ho g”! is a conjugate 
subgroup of H in Sh. 


30. Finding conjugate subgroups in S,, 


Strategy B13 Renaming for a 


subgroup 


To find the subgroup go H o g7}, given a 


subgroup H and an element g of S,,, do the 
following. 


For each h € H, find go hog ! by using g to 
‘rename’ the symbols in h. 


5 Subgroups of S, 


31. The number of subgroups of S4 of each order 
is given below. 


Order Number of Description 
subgroups 
1 1 {e} 
2 9 all cyclic 
3 4 all cyclic 
4 7 3 cyclic; 4 Klein 
6 4 all isomorphic to S(A) 
8 3 all isomorphic to S(O) 
12 1 A4 
24 1 S4 


32. The symmetric group S4 represents the 
symmetry group S (tet) of a regular tetrahedron 
with the vertices labelled 1, 2, 3 and 4. 


The subgroup Aq of Sy represents the 
group S7 (tet) of direct symmetries of the 
tetrahedron. 


33. Finding subgroups of groups in general 


To find the cyclic subgroups of a group: 
If the group is of reasonably small order, list its 
elements according to their orders and then 
systematically find the subgroups generated by 
these elements. (Any element of order m in a 
cyclic subgroup of order m will generate that 
same cyclic subgroup.) 


To find a subgroup of a symmetric group Sn: 


e Find a symmetry group whose elements can 
be represented by permutations in Sp. 
e Find all permutations that fix one or more 
symbols. 
To find subgroups of a symmetry group: 
Use Strategy B3. (See 6. on page 39.) 


It is usually difficult to find all the non-cyclic 
subgroups of a symmetric group or a symmetry 
group using these methods. 


6 Cayley’s Theorem 


34. Representing a finite group as a 
permutation group 


Theorem B66 


Let (G,x) be a finite group. For each element 
x of G, let py be the permutation whose 
two-line form has as its first line the column 
headings of the group table of (G, *) and as 
its second line the row labelled x in the group 
table. Let 


P = {pr: x E G}. 


Then (P,o) is a permutation group 
isomorphic to (G, x). 


Theorem B67 Cayley’s Theorem 


Every finite group is isomorphic to a 
permutation group. 


Unit B4 Lagrange's Theorem and small groups 


Unit B4 Lagrange's 
Theorem and small 
groups 


1 Lagrange's Theorem 


1. Lagrange's Theorem allows us to write down 
all the possible orders for subgroups of a finite 
group G — these are all the positive divisors of the 
order of G. Thus, if the number m does not divide 
the order of G, then G does not have a subgroup 
of order m. 


Theorem B68 Lagrange's Theorem 


Let G be a finite group and let H be any 
subgroup of G. Then the order of H divides 
the order of G. 


Warning: The converse of Lagrange’s Theorem 
is false. Lagrange’s Theorem does not assert that 
if m is a positive divisor of the order of a group G, 
then G has a subgroup of order m. 


2. Orders of group elements 


Corollary B69 to Lagrange’s Theorem 


Let g be an element of a finite group G. Then 
the order of g divides the order of G. 


3. Groups of prime order 


Corollary B70 to Lagrange’s Theorem 


Let G be a group of prime order. Then G is 
cyclic, and every element of G other than the 
identity element is a generator of G. 


Corollary B71 to Lagrange’s Theorem 


If G is a group of prime order p, then G is 
isomorphic to the cyclic group (Zp, +p). 


Corollary B72 to Lagrange’s Theorem 


If G is a group of prime order, then the only 
subgroups of G are the trivial subgroup and 
G itself. 
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2 Groups of small order 


4. Notation convention for abstract groups 


An abstract group is a group that is not a 
specific, concrete group such as S(O) or S4. 


For abstract groups, we use concise multiplicative 
notation where it will not cause confusion. 


e We denote an abstract group simply by a single 
symbol such as G, without specifying a symbol 
for its binary operation. 

e We denote a composite of two elements x and y 
of G simply by xy. 

Warning: Unless the group is abelian, the 

composites xy and yx are not necessarily equal. 


5. Theorems involving elements of order 2 


Theorem B73 


Let G be a group in which each element 
except the identity has order 2. Then G is 
abelian. 


Theorem B74 


Let G be a group of order greater than 2 in 
which each element except the identity has 
order 2. Then the order of G is a multiple 
of 4. 


Theorem B75 


Let G be a group of even order. Then G 
contains an element of order 2. 


6. The dihedral group of order 2n, for each 
integer n > 3, is the symmetry group of the 
regular polygon with n edges. 


The quaternion group of order 8, denoted 

by Qs, is a non-abelian group comprising the 
identity, six elements of order 4 and one element 
of order 2. 


7. Isomorphism classes for groups of order 
up to 8 
(See also the Quick reference section, page 137.) 


Order Standard group(s) Properties 
1 Ci cyclic 
2 C2, (Za, +2) cyclic 
3 C3, (Z3, +3) cyclic 
4 C4, (Za, +4) cyclic 


V, S) abelian, non-cyclic 
5 Cs, (Zs, +5) cyclic 
6 C6, (Ze, +6) cyclic 


S(A), D3 non-abelian 
7 ~~ Cx, (Z7, +7) cyclic 
8 Cs, (Zs, +s) cyclic 


S(cuboid) abelian, non-cyclic 
(Uis, X15) abelian, non-cyclic 
SO). D4 non-abelian 
Qs non-abelian 


Strategy B14 Groups of order 8 


To determine the isomorphism class of a 
group of order 8, determine whether the 
group is abelian and find the number of 
elements of order 2. Then use the table in the 
Quick reference section on page 137. 


3 Theorems and proofs in 
group theory 


8. Intersection of subgroups 


Theorem B81 


Let H and K be subgroups of a group G. 
Then H N K is also a subgroup of G. 


Book C Linear algebra 


Unit C1 Linear equations 


and matrices 
1 Systems of linear equations 


1. Linear equations 


A linear equation has no terms that are products 
of unknowns or powers greater than 1. 


A linear equation in the n unknowns 


£1, £2, ..., Zn is an equation of the form 
0101 + 49%2 +--+ + dp 2 = b, 


where a1,42,...,adn,b are real numbers, and 
4],...,0 are not all zero. The numbers a; are the 
coefficients, and b is the constant term. 


A linear equation of the form 
ax + by =c 
represents a line in R?. There are infinitely many 


solutions to this equation — one corresponding to 
each point on the line. 


A linear equation of the form 
ax + by+cz=d 


represents a plane in R?. There are infinitely 
many solutions to this equation — one 
corresponding to each point in the plane. 


2. A system of linear equations is written 


41121 + a222 Cinta = bı 
042111 + A272 42n Ln = b2 
Am1L1 T Am2%2 Amnn = bm. 


The constant terms are the numbers b;, the 
unknowns are the variables x; and the 
coefficients are the numbers a;;. The coefficient 
of the jth unknown in the ith equation is aij. 


The number of equations, m, need not be the 
same as the number of unknowns, n. 


A solution of a system of m linear equations in n 
unknowns, £1,...,£n, is a set of values 11 = cy, 
19 = C2, ..., En = Cn that simultaneously satisfy 
all m equations of the system. 


The solution set of the system is the set of all 
the solutions. 


Unit C1 Linear equations and matrices 


3. A consistent system of linear equations has 
at least one solution, and an inconsistent system 
has no solutions. 


4. A homogeneous system of linear equations 
is a system of linear equations in which each 
constant term is zero. 


A non-homogeneous system contains at least 
one non-zero constant term. 


The trivial solution to a homogeneous system of 
linear equations is the solution in which each 
unknown is equal to zero. Every homogeneous 
system has at least the trivial solution, so is 
consistent 


A non-trivial solution has at least one unknown 
non-zero. 

5. A system of m linear equations in 

n unknowns has a solution set which either 

e contains exactly one solution 

e is empty, or 

e contains infinitely many solutions. 

6. Elementary operations 


The following operations do not change the 
solution set of a system of linear equations. 


1. Interchange two equations. 

2. Multiply an equation by a non-zero number. 

3. Change one equation by adding to it a multiple 
of another. 


7. Gauss—Jordan elimination is a systematic 
method for solving a system of linear equations by 
successively transforming the system into simpler 

systems without changing the solution set. 


8. To solve a system of three linear equations in 
three unknowns, use elementary operations to try 
to reduce the system to the following form, where 
the asterisks denote numbers to be determined. 


w= * 
y= * 
Z= 


An equation of the form 0 = 0 gives no constraints, 
whereas an equation of the form 0 = *, where 
* Æ 0, implies the system is inconsistent. 
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2 Row-reduction 


9. A matrix is a rectangular array of objects, 
called its entries, enclosed in brackets. 


A row of a matrix comprises the entries along a 
horizontal line, and a column comprises those 
down a vertical line. A matrix of size m x n has 
m rows and n columns. 


A zero row of a matrix is a row comprised 
entirely of zeros, and a non-zero row has at least 
one non-zero entry. 


The leading entry of a row of a matrix is the 
first non-zero entry in the row (reading from left to 
right). A leading 1 is a leading entry that is a 1. 


10. The augmented matrix of a system of m 


linear equations in n unknowns 2],12,..., Tn is 
a11 012 Qin | by 
a21) a2 +++ Aan | b2 
(A | b) = . ; . . . > 
AmI Am2 *** Amn bm 


where the numbers b; are the constant terms 
and a;j are the coefficients of the system. 


11. Elementary row operations are operations 

on the rows of the augmented matrix and 

correspond to elementary operations on the 

equations themselves, as follows. 

1. Interchange two rows. 

2. Multiply a row by a non-zero number. 

3. Change one row by adding to it a multiple of 
another. 

12. Row-sum check: To the right of each row 

write down a check entry equal to the sum of the 

entries in that row. Perform the row operations on 

these check entries also; they should remain the 

sum of the entries in the corresponding row. If 

this is not the case, then an error has been made. 

13. A row-reduced matrix is a matrix 

satisfying the following four properties. 

1. Any zero rows are at the bottom of the matrix. 

2. Each non-zero row has a leading 1. 

3. Each leading 1 is to the right of the leading 1 in 
the row above. 

4. Each leading 1 is the only non-zero entry in its 
column. 


ae ae 
ae ae 
= Oo © 
wo eS 
oO: © 


| 


we ee aS 


X w Sa 
ko w e 


14. Unique solution Whenever the original 

system of equations has a unique solution it can 
be written down directly from the row-reduced 

matrix. 


No solution Whenever the original system of 
equations is inconsistent, row-reducing the 
augmented matrix yields a system that includes 
the equation 0 = 1. 


Infinitely many solutions Whenever the 
original system of equations has infinitely many 
solutions, the general solution can be determined 
by setting the non-leading unknowns equal to 
parameters and expressing all the unknowns in 
terms of these parameters. 


15. Row-reduction strategy 


Strategy Cl Row-reduction 


To row-reduce a matrix using elementary row 
operations, carry out the following four steps, 
first with row 1 as the current row, then with 
row 2 as the current row, and so on, until 

e either every row has been the current row 
e or step 1 is not possible. 


1. Select the first column from the left that 
has at least one non-zero entry in or below 
the current row. 

. If the current row has a 0 in the selected 
column, interchange it with a row below 
that has a non-zero entry in that column. 

. If the entry in the current row and the 
selected column is c, multiply the current 
row by 1/c to create a leading 1. 

. Add suitable multiples of the current row 
to the other rows to make each entry 
above and below the leading 1 into a 0. 


You can use any elementary row operation when 
row-reducing an augmented matrix, but it is 
important not to use rows above the current row. 


The different ways to row-reduce a matrix will 
always give the same answer. 


Theorem C1 


Every matrix has a unique row-reduced form. 


16. Solving systems of linear equations 
using matrices 


Strategy C2 Gauss—Jordan 
elimination 

To use Gauss-Jordan elimination to solve a 

given system of linear equations: 

1. form the augmented matrix 


2. row-reduce the augmented matrix to 
obtain its row-reduced form (Strategy C1) 


3. solve the simplified system of linear 
equations. 


3 Matrix operations 


17. A square matrix is an n x n matrix. 


18. We write A or (aij) to denote a matrix: 


din Q2 <*> Qin 
021 022 Gro a2n 

A = = (aij). 
Am1 Am2 Amn 


The (i, j)-entry of a matrix A, aj;, is the entry in 
the ith row and jth column. 


19. A row vector is a vector written with the 
components horizontally; such a vector can be 
regarded as a matrix with real entries that has 
just a single row. 


A column vector is a vector with the 
components written vertically; such a vector can 
be regarded as a matrix with real entries that has 
just a single column. 


It should be clear from the context whether an 
object is a vector in R? or R, with a geometrical 
interpretation, or a matrix with real entries. 
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20. Mm n denotes the set of all m x n matrices 
with real entries. 


21. Matrix arithmetic 


Equality Two m x n matrices A and B are 
equal if all their corresponding entries agree. 
We write A = B. 


Zero matrix The m x n zero matrix Om,n is 
the m x n matrix in which all entries are 0. It is 
denoted by O when it is clear from the context 
which size is intended. 


Addition The sum of two m x n matrices 
A = (aij) and B = (bij) is the m x n matrix 
A+B = (aij + bij) obtained by adding the 
corresponding entries: 


ayt+by ajo + b12 Gin + bin 

a21 +b21 a22 + b22 aan + dan 
A+B= . q f 

Ami + bmi m2 + bm2 amn + bmn 


Addition of matrices of different sizes is not 
defined. 


Negatives The negative of an m x n matrix 
A = (aij) is the m x n matrix —A = (—aj;) 
obtained by taking the negatives of its entries. 

Subtraction The difference of two m x n 
matrices A = (a;;) and B = (b;;) is the m x n 
matrix A — B = (aij — bij) obtained by 
subtracting the corresponding entries: 


Gin — Din 
an — ban 


aj2 — b12 
a22 — b22 


ai — b11 
a21 — b21 


amı — Omi Gna — Ome Amn — bmn 


Subtraction of matrices of different sizes is not 
defined. 


Scalar multiplication The scalar multiple of 
an m x n matrix A = (a;j) by a real number k 
is the m x n matrix kA obtained by multiplying 
each entry in turn by k. 


kai kaiz kain 
kazı kag2 kaon 

PAS NE . | = (kaij). 
kamı kama kamn 
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22. Addition in Mm,n 

A1 Closure For all A,B € Mn n, 
A+B € Mmn. 

A2 Associativity For all A, B,C € Mm,n, 
(A+4B)+C=A+(B+C). 


A3 Additive identity For all A € Mn and 
Oc Mma; 


A+0=A=0+A. 


A4 Additive inverses For each A € Mm,n, 
there is a matrix —A € Mm,n such that 


A+(-A)=0=-A+A. 
A5 Commutativity For all A,B € Mm,n, 
A+B=B-+A. 


The additive identity in Mm,n is O and the 
additive inverse of A in Mm,n is —A. 


23. (Mm,n, +) is an abelian group. 


24. Combining addition and scalar 
multiplication in Mm,n 


D1 Distributivity For all A,B € Mm» and 
KER, 
k(A +B) =kA+KkB. 
25. Matrix multiplication 


The product of an m x n matrix A with an n x p 
matrix B is the m x p matrix AB whose 

(i, 7)-entry is obtained by multiplying each entry 
in the ith row of A by the corresponding entry in 
the jth column of B and adding the results. 


In symbols, if C = AB, then 
Cij = 4101; + aizb2j +--+ + Qindn;. 


The product AB is not defined when the number 
of columns of the matrix A is not equal to the 
number of rows of the matrix B. 


26. Whenever these products can be formed, 
matrix multiplication is 


e associative; that is, (AB)C = A(BC) 
e distributive; that is, A(B + C) = AB + AC. 


Matrix multiplication is not commutative: in 


general, AB # BA. 


27. Diagonal matrices 


The diagonal entries of a square matrix are the 
entries from the top left-hand corner to the 
bottom right-hand corner. 


The main diagonal (or leading diagonal) of a 
square matrix comprises the diagonal entries of 
the matrix. 


A diagonal matrix is a square matrix each of 
whose non-diagonal entries is zero. 


The product of two diagonal matrices is another 
diagonal matrix, and its ith diagonal entry is the 
product of the ith diagonal entries of the matrices 
being multiplied. 

Multiplication of diagonal matrices is 
commutative. 


28. Positive powers of square matrices are 
defined as expected: 
A?=AA, A?=AAA, 


29. An upper triangular matrix is a square 
matrix with each entry below the main diagonal 
equal to zero. 


A lower triangular matrix is a square matrix 
with each entry above the main diagonal equal to 
Zero. 

A square row-reduced matrix is an upper 
triangular matrix. 

A square matrix that is both upper triangular and 
lower triangular is a diagonal matrix. 


30. The identity matrix I, is the n x n matrix 


10--- 0 0 
O 1 s 0 0 
0 0 --- 10 
0 0 s O 1 


Each of the entries is 0 except those on the main 
diagonal, which are all 1. 


It is denoted by I when the size is clear from the 
context. 


Theorem C2 


Let A be an m x n matrix. Then 
1,, A = A = AL. 


31. The transpose of an m x n matrix A is the 
n x m matrix AT whose (i,7)-entry is the 
(5,1)-entry of A. It is formed by interchanging the 
rows and columns of matrix A. 


Properties of matrix transposition 


Let A and B be m x n matrices. Then: 
1. (A)T = A 


2. (A+B)? = AT + B". 
Let A be an m x n matrix and B ann xp 
matrix. Then 


3. (AB)! = BTAT. 


Warning: Note the reversed order for the 
transpose of a product. 


32. A square matrix A is symmetric if AT = A. 


33. The matrix form of a system of m linear 


equations in n unknowns z1, £2,..., £n is Ax = b: 
a11 412 >t «Ain zı by 
a21 92 ++: an T2 ba 
Ami Am2 *** Amn In bm 


The coefficient matrix is the matrix A of 
coefficients of the system, the matrix of unknowns 
is x, and the matrix of constant terms is b. 


4 Matrix inverses 

34. Multiplication in M»,n (square matrices) 

M1 Closure For all A,B € Mn», 
AB € Mnn- 

M2 Associativity For all A,B,C € Mnn, 
(AB)C = A(BC). 

M3 Multiplicative identity For all A € Mn, 
Al, = A =LA. 

The multiplicative identity in Mn,n is In. 


35. Combining addition and multiplication 
in Man 


D1 Distributivity For all A,B,C € Mn», 
A(B+C)=AB+AC, 


and 
(A +B)C = AC+BC. 
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36. Multiplicative inverse 


The matrix B is a multiplicative inverse (or 
inverse) of A in Mn if A,B € Mn n and 


AB =I, = BA. 


Theorem C3 


If a square matrix has an inverse, then this 
inverse is unique. 


Theorem C4 


A square matrix with a zero row has no 
inverse. 


37. An invertible matrix is a square matrix that 
has an inverse. The unique inverse of an invertible 
matrix A is denoted by A7!. For any invertible 
matrix A, 


AA™! =I and ATA=L1 


If A is an invertible matrix, then A”! is also 
invertible, with inverse A; that is, 


(ATHS A. 
Let A and B be invertible matrices of the same 
size. Then AB is invertible, and 

(AB)*=B A”, 


Warning: Note the reversed order here. 


Theorem C5 


Let A1, A2,..., Az be invertible matrices of 
the same size. Then the product A¡A>--- Az 
is invertible, with 


(AJA2--: Aj)! = ATTA A 


Theorem C6 


The set of all invertible n x n matrices with 


real entries forms a group under matrix 
multiplication. 
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38. Inverting matrices 


Theorem C9 


Let A be an n x n matrix. Then the 
following statements are equivalent. 


(a) A is invertible. 


Theorem C7 Invertibility Theorem 

(a) A square matrix is invertible if and only 
if its row-reduced form is I. 

(b) The system Ax = b has a unique 
solution for each n x 1 matrix b. 


(b) Any sequence of elementary row 
operations that transforms a matrix A to 
I also transforms I to A~}. (c) The system Ax = 0 has only the trivial 


solution. 


Strategy C3 Matrix inversion 


40. An elementary matrix is a matrix obtained 
by performing an elementary row operation on an 
identity matrix. 


To determine whether or not a given square 
matrix A is invertible, and to find its inverse 
if it is, do the following. 


Write down (A | I), and row-reduce it 

(Strategy C1) until the left half is in 

row-reduced form. 

e If the left half is the identity matrix, then 
the right half is AT. 


e Otherwise, A is not invertible. 


Theorem C10 


Let E be an elementary matrix, and let A be 
any matrix with the same number of rows 

as E. Then the product EA is the same as 
the matrix obtained when the elementary row 
operation associated with E is performed 

on A. 


You may find it helpful to remember the following 
scheme for this strategy: 


Corollary C11 


(A | 1) Let Ej, Eo,...,E, be the m x m elementary 
matrices associated with a sequence of k 
+ elementary row operations carried out on a 
(I | AS). matrix A with m rows, in the same order. 
If it becomes clear while you are row-reducing Then, after the sequence of row operations 
(A | I) that the left half will not reduce to the has been performed, the resulting matrix is 


identity matrix (for example, if a zero row appears E¿Ez-1 +: EsE¡A. 
in the left half), then you can immediately 
conclude that A is not invertible. 


39. Invertibility and systems of linear 41. Inverse elementary row operations 


equations . : ; 
q Given any elementary row operation, the inverse 


elementary row operation that undoes the effect of 


Theorem C8 the first, can be found, as summarised in the 
Let A be an invertible matrix. Then the following table. 
system of linear equations Ax = b has the 
unique solution x = A7!b. Elementary row Inverse elementary 
operation row operation 
ri © rj ri © Trj 
ri >CI; (e0) r; > (1/c)r; 
r; > r; + cr; ri > r; — cr; 
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Theorem C12 


Let E; and Ev be elementary matrices of the 
same size whose associated elementary row 
operations are inverses of each other. Then 


E; and E, are inverses of each other. 


Corollary C13 


Every elementary matrix is invertible, and its 
inverse is also an elementary matrix. 


5 Determinants 


42. The determinant of a 2 x 2 matrix 
a b 
a= (0 i) 


a b 
d 


is 


det A = 


| = ad — be. 
Strategy C4 Inverse of a 2 x 2 matrix 
To find the inverse of a 2 x 2 matrix 
a b 
a= (2 0) 
with det A = ad — bc Æ 0: 


e interchange the diagonal entries 
e multiply the non-diagonal entries by —1 


e divide by the determinant of A, giving 
1 d —b 
ad—bc\-c a)' 


43. The determinant of a 3 x 3 matrix 


a bi cr 
A= ag ba Ca 
a3 b3 C3 
is 
b a a 
det A = aj A — 01 2 gee oo 
b3 C3 a3 03 b 


Notice the minus sign before the second term. 
44. A submatrix is a matrix formed from 
another matrix with some of the rows and/or 
columns removed. 


Unit C1 Linear equations and matrices 


45. The cofactor Aj; associated with the 
entry aj; of an n x n matrix A = (aj;;) is 

Aij = (—1)™ det Aij, 
where Aj; is the (n — 1) x (n — 1) submatrix of A 
resulting when the ¿th row and jth column 
(the row and column containing the entry aij) are 
removed. 


For example, for a 3 x 3 matrix A = 
the cofactor A12 we have 


(aij), to find 


a21 023 


a23| SO Ajo =- ; 
431 433 


(-1)!*? 031 ap2 


a31 AZ 


2 433 


46. The determinant of an n x n matrix 
A= (aij) is 


Q11 Q12 :*** Ain 

a21 422 *** Am 
dett A =| . 

Ani An2 *** Ann 


= aA + 012412 ++: + @inAin.- 


Warning: Do not forget the minus sign that is a 
part of alternate cofactors! 


Strategy C5 Finding the determinant 


To evaluate the determinant of an n x n 

matrix: 

1. expand along the top row to express the 
n x n determinant in terms of n 
determinants of size (n — 1) x (n — 1) 

. expand along the top row of each of the 
resulting determinants 

. repeatedly apply step 2 until the only 
determinants in the expression are of 
size 2 x 2 


. evaluate the final expression. 


det A 
a11 411 + | ay; Aq; Gin Ain 


FAP AO, Le 
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47. Properties of determinants 


Theorem C14 


Let A and B be two square matrices of the 
same size. Then the following hold: 


(a) det(AB) = (det A) (det B) 
(b) detI = 1 
(c) det AT = det A. 


48. Determinants and elementary matrices 


Theorem C15 

Let E be an elementary matrix, and let k be 

a non-zero real number. 

(a) If E results from interchanging two rows 
of I, then det E = —1. 

(b) If E results from multiplying a row of I 
by k, then det E = k. 

(c) If E results from adding k times one row 
of I to another row, then det E = 1. 


49. Matrices with zero determinant 


Theorem C16 

Let A be a square matrix. Then det A = 0 if 
any of the following hold: 

(a) A has an entire row (or column) of zeros 
(b) A has two equal rows (or columns) 


(c) A has two proportional rows (or 
columns). 


50. Determinants and inverses of matrices 


Theorem C17 


A square matrix A is invertible if and only if 
det A 40. 


Theorem C18 


Let A and B be square matrices of the same 
size. Then AB = I if and only if BA =I. 


51. The Summary Theorem collects together 
Theorems C7, C9 and C17. 


Theorem C19 Summary Theorem 
Let A be an n x n matrix. Then the 
following statements are equivalent. 

(a) A is invertible. 

b) det A #0. 


( 
(c) The row-reduced form of A is Ip. 
( 


d) The system Ax = b has precisely one 
solution for each n x 1 matrix b. 


(e) The system Ax = 0 has only the trivial 
solution. 


52. Summary of properties of matrices 


Let A and B be two square matrices of the same 
size. Then 


det(AB) = (det A) (det B), 
(AB)? = BTAT, 
det A? = det A. 

If A and B are invertible, then 


Unit C2 Vector spaces 


1 Vector spaces 


1. In R, the set of ordered pairs of real 
numbers, the operations of addition and of 
multiplication by a scalar are defined as: 


(uz, u2) + (v1, v2) = (u1 + U1, ua + V2), 


a(u,us) = (au1,au2), where a ER. 


In R?, the set of ordered triples of real numbers, 
the operations of addition and of 
multiplication by a scalar are defined as: 


(uz, ua, uz) + (v1, va, V3) 
= (uz + 01, U2 + 02, U3 + 03), 
a(uz, us, uz) = (qu, qua, auz), 


2. An ordered n-tuple, for a positive integer n, 
is a sequence of real numbers (u1, U2,...,Un)- 


n-dimensional space, R”, is the set of all 
ordered n-tuples. 


The space R” is often called a Euclidean space 


and its elements (u1, u2, ..., Un) are called vectors. 


3. Let 


u = (u1, U2,..., Un) and v= (v1, 09%. Un) 


be two vectors in R”. The operations of addition 
and of multiplication by a scalar are defined 
as: 


u + v = (uj, U2,..., Un) + (U1,02,..., Un) 
= (wi + U1, U2 +02,...,Un + Un), 
au = (au, au2,...,&Un), where a €E R. 


4. Vector space definition 


A (real) vector space consists of a set V of 
elements called vectors and two operations, 
vector addition and scalar multiplication (by a 
real number), such that the following axioms hold. 


Axioms for addition 
Al Closure For all vi, v2 € V, 
vi + va € V. 
A2 Associativity For all v1, va, v3 € V, 
(vi + va) + v3 = vı + (va + v3). 


where a € R. 


Unit C2 Vector spaces 


A3 Additive identity For all v € V, there is 
a zero element O € V satisfying 


v+0=v=0+vw. 


A4 Additive inverses For each v € V, there 
is an element —v (its additive inverse) such 
that 


v+(-v) =0=-v+v. 
A5 Commutativity For all v1, vo € V, 
vi + V2 = V2 + V1. 
Axioms for scalar multiplication 
S1 Closure For all v€ V, and a ER, 
av E V. 


S2 Associativity For all v € V, and 
a,b ER, 
a(Bv) = (af)v. 
S3 Scalar multiplicative identity For all 
vel, 
lv =v. 
Axioms combining addition and scalar 


multiplication 


D1 Distributivity For all vı, v2 € V, and 
ae€R, 
a(vi + v2) = avi + ave. 
D2 Distributivity For all v € V, and 
a,b ER, 
(a+ B)v = av + Bv. 
5. Axioms A1-A5 imply that (V, +) is an 
abelian group. 


6. Examples of vector spaces 


e R, R?, R3, and (more generally) R” (n > 1). 

e R”, the set of all infinite sequences of real 
numbers. 

e C, the set of complex numbers. 


e Mm,n, the set of all m x n matrices with real 
entries. 


e P,, the set of all real polynomials of degree less 
than n. 


e V = {a cosx + bsinz: a,b € R}. 
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2 Linear combinations and 
spanning sets 


7. A linear combination of the 
vectors V1, V2,---, Vz in a vector space V, is a 
vector of the form 

001V1 + AQV2 + +++ + AVR, 
where @1,@2,...,@ are real numbers. This vector 
also belongs to V. 
8. Spanning sets 


Let S = [v1,va,...,vx) be a finite set of vectors 
in a vector space V. 


The span (S) of S is the set of all possible linear 
combinations 

01 V1 + AQV2 +++ + AkVE, 
where @1,@2,...,@ are real numbers; that is, 
(S) = {avy +- + QkVk |: Q1, Q2,.. 


The set of vectors S = [v1,va2,..., Vk} spans (S); 
it is a spanning set for (S), and (5) is the set 
spanned by S. 


9. Linear combinations and spanning sets 


Strategy C6 Linear combinations 


To determine whether a given vector v can be 
written as a linear combination of the 
vectors V1,V23,..., VE! 
. Write V = ayvy + 09V2+:::+QpVr 
. use this expression to write down a system 
of linear equations in the unknowns 
Q1,0%2,..., Uk 
. solve the resulting system of equations, if 
possible. 
Then v can be written as a linear 
combination of v1, V2,...,Vķ if and only if 
the system has a solution. 


Strategy C6 can be used to show that a given set 
of vectors is a spanning set for the whole of a 
vector space. 

Warning: When the strategy results in more 
equations than unknowns it is important to 
confirm the consistency of the system by checking 
all the equations. 


., a, ER]. 


3 Bases and dimension 


10. A minimal spanning set of a vector 
space V is a set containing the smallest number of 
vectors that span V. 


Theorem C20 


Suppose that the vector vz, can be written as 
a linear combination of the vectors 


V1, V2,...,Vķ—1. Then the span of the set 
{v1,V2,.-.,V«} is the same as the span of the 
set {vi, V2, AR Visit 


11. Linear dependence and independence 


A finite set of vectors [v1,va,..., Vk} in a vector 
space V is 


e linearly dependent if there exist real numbers 
Q1,Q2,...,Q@%, not all zero, such that 
01V1 + Q2V2 +`: +H anv, = 0 
e linearly independent if it is not linearly 
dependent; that is, if 


Q1Vi + Qave2 +--+: + argv, = 0 


implies ay = ag =-**= Qk = 0. 


Strategy C7 Linear independence 
To test whether a given set of vectors 
[v1,v2,..., Vk} is linearly independent: 
. write down the equation 
Q1V1 + a2V2 +--+ anv, = 0 
. express this equation as a system of linear 
equations in the unknowns aj, Q2,..., Q% 


. solve the resulting system of equations. 


If the only solution is a] = ag =--> 0, 


then the set of vectors is linearly independent. 


If there is a solution with at least one of 
Q1,0%9,..., 0 not equal to zero, then the set 
of vectors is linearly dependent. 


e A linearly independent set cannot contain 0. 
The following are linearly independent sets: 
e one non-zero vector 


e two non-zero vectors if and only if the vectors 
are not multiples of one another. 


12. A basis for a vector space V is a minimal 
spanning set. A basis is not unique, so V can have 
many different bases. 


A set is a minimum spanning set if and only if it is 
linearly independent. 


Theorem C21 


Let S be a basis for a vector space V. Then 
each vector in V can be expressed as a linear 
combination of the vectors in S in only one 
way. 


Strategy C8 Checking a basis — span 


To determine whether a set of vectors S in a 
vector space V is a basis for V, check the 
following conditions. 

(1) S is linearly independent (Strategy C7). 
(2) S spans V (Strategy C6). 

If both (1) and (2) hold, then S is a basis 
for V. 

If either (1) or (2) does not hold, then S is 
not a basis for V. 


13. The E-coordinate representation of v 
Let E = [e,,€e2,...,€n) be a basis for a vector 
space V, and suppose that 

y = vje + veg F- + Unen, 
where 0],02,...,Un ER. 


The E-coordinate representation of v is 


Vg = (01, Ud... Un E: 
The E-coordinates of v (the coordinates of v 


with respect to the basis E) are 01,02,...,Un. 


If E is a standard basis, then we refer to the 
standard coordinate representation, standard 
coordinates, and so on; in this case, the 
subscript E is usually omitted. 


14. Let V be a vector space: 


e V is finite-dimensional if it contains a finite 
set of vectors S that forms a basis for V 


e V is infinite-dimensional if no such set exists. 
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15. The Basis Theorem 


Theorem C22 


Let E = {e1,€2,...,€n} be a basis for a 
vector space V, and let S = [v1,va2,..., Vm} 
be a set of m vectors in V, where m > n. 
Then S' is a linearly dependent set. 


Corollary C23 


Let V be a vector space with a basis 
containing n vectors. If a linearly 
independent subset of V contains m vectors, 
then m < n. 


Theorem C24 Basis Theorem 


Let V be a finite-dimensional vector space. 
Then every basis for V contains the same 
number of vectors. 


16. Dimension of a vector space 


The dimension dim V of a finite-dimensional 
vector space V is the number of vectors in any 
basis for the space. 


Theorem C25 


Let V be an n-dimensional vector space. 
Then any set of n linearly independent 
vectors in V is a basis for V. 


Strategy C9 Checking a basis — dim 


To determine whether a set of vectors S in a 
vector space V of dimension n is a basis 
for V, check the following conditions. 


(1) S contains n vectors. 
(2) S is linearly independent (Strategy C7). 


If both (1) and (2) hold, then S is a basis 
for V. 


If either (1) or (2) does not hold, then S is 
not a basis for V. 


61 


Handbook 


17. Any linearly independent set can be extended 
to form a basis. 


Theorem C26 


Let S = [v1,va,...,Vm) be a linearly 
independent subset of an n-dimensional 


vector space V, where m < n. Then there 
.., Vn in V such that 
., Vn} is a basis for V. 


exist vectors Vm+1,. 
{vi, va,.. 


18. Standard bases 

R”: {(1,0), (0, 1)} 

R3 : {(1,0,0), (0, 1,0), (0,0, 1)} 
R” : {(1,0,...,0),(0,1,0,...,0),... 
Es dith 


1 0 0 1 0 0 0 0 
mea o 0) (0 0) (0): 2) 
Pee Ae O 


19. Dimensions of familiar vector spaces 


(0,... 


The dimension of 

e R?” is n, so dim R? = 2 and dim R? = 3 
e Cis2 

e P, isn, so dim Py = 2 and dim P; = 3 
e Mm,n ism x n, so dim M) 2 = 4. 


4 Subspaces 


20. A subspace of a vector space V is a subset S 
of V that is itself a vector space under vector 
addition and scalar multiplication as defined in V. 


Theorem C27 


A subset S of a vector space V is a subspace 
of V if it satisfies the following conditions. 
(a) OES. 

(b) S is closed under vector addition. 

(c) S is closed under scalar multiplication. 


Theorem C28 


Let S be a non-empty finite subset of a vector 
space V. Then (S) is a subspace of V. 
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Theorem C29 


The dimension of a subspace of a vector 


space V is less than or equal to the dimension 
of V. 


Strategy C10 Subspace 


To test whether a given subset S of a vector 

space V is a subspace of V, check the 

following conditions. 

(1) 0 € S (zero vector). 

(2) If vi, v2 € S, then v1 + va € S (vector 
addition). 


(3) If v € S and a €E R, then av € S (scalar 
multiplication). 


If (1), (2) and (3) hold, then S is a subspace 
of V. 


If any of (1), (2) or (3) does not hold, then S 
is not a subspace of V. 


21. Basis of a subspace 


When using Strategy C8 or Strategy C9 to check 
whether a set of vectors S is a basis of a proper 
subspace T' of V, you must also check that all the 
vectors in S are contained in the subspace T. 


5 Orthogonal bases 
22. Orthogonality in R 


The vectors vı and va in R? are orthogonal if 
vi" V2 = 0. 


An orthogonal set of vectors in R? is a set of 
vectors in R? where every pair of distinct vectors 
in the set is orthogonal. 


An orthogonal basis for R? is an orthogonal set 
that is a basis for R3. 


Theorem C30 


Let {v1, V2, V3} be an orthogonal set of 
non-zero vectors in R?. Then vj, va and v3 
are linearly independent. 


Theorem C31 


Any orthogonal set of three non-zero vectors 
in R? is an orthogonal basis for R3. 


Strategy C11 Orthogonal basis in R 


To express a vector u in R® in terms of an 
orthogonal basis {v1, v2, v3}: 
vieu 
1. calculate ay = ——, a2 = 
NADAN 
v3°U 
a3 = —— 
V3 + V3 
2. write u = @1V1 + QeV2 + a3v3. 


23. Orthogonality in R” 


Let v = (v1, ¥2,---,Un) and w = (w1, wW2,..., Wn) 


be vectors in R”. 


The scalar product of v and w is the real 
number 


V © W = VW + VW + +++ + UnWn. 
The vectors v and w in R” are orthogonal if 
v.w=0. 


An orthogonal set of vectors in R” is a set of 
vectors in R” where every pair of distinct vectors 
in the set is orthogonal. 


An orthogonal basis for R” is an orthogonal set 
that is a basis for R”. 


Theorem C32 


Let S = {v1, v2,..., Vk} be an orthogonal set 
of non-zero vectors in R”. Then S is a 
linearly independent set. 


Corollary C33 


Any orthogonal set of n non-zero vectors in 
R” is an orthogonal basis for R”. 


In R? and R? the term perpendicular is also 
used to describe orthogonal vectors. 


Unit C2 Vector spaces 


24. Expressing vectors in terms of 
orthogonal bases 


Theorem C34 


Let {v1, V2,..., Vn} be an orthogonal basis 


for R” and let u be any vector in R”. Then 


= ("Jn (24) v 
. 2 * V2 


Strategy C12 Orthogonal basis R” 


To express a vector u in R” in terms of an 
orthogonal basis {v1, V2,... , Vn}: 
1. calculate 


Vn tu 
An = —— 
Vn * Vn 


2. write u = 01V1 + Q9V2 +--+: + AnVn.- 


25. Obtaining an orthogonal basis in R” 
from an arbitrary basis 


Theorem C35 Gram-Schmidt 
orthogonalisation 
Let {w1, W2,..., Wn} be a basis for R”, and 


let 


Vn-1* Vn-1 


., Vn} is an orthogonal basis 


Then {vj, va,.. 
for R”. 
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26. To find an orthogonal basis of a proper 
subspace T of R” of dimension m given a basis 
S = {wi,wo2,...Wm}, use Gram-Schmidt 
orthogonalisation on S to obtain an orthogonal 
basis [v1,vV32,... Vin). 


27. To find an orthogonal basis for R? containing 
a given vector v, find an orthogonal basis for the 
plane through the origin that has normal vector v 
by: 


1. using the vector equation of a plane x» v = 0 to 
find any pair of linearly independent vectors w1 
and wa in the plane 

2. using the Gram-Schmidt orthogonalisation 
process on w1 and wa to find vectors vı and va 
forming an orthogonal basis for this plane. 


The set {v, v1, va) is an orthogonal basis for R3. 


28. The magnitude of a vector 
v = (v1, V2, ..., Un) in R” is 


Iv = vvv = 


29. An orthonormal basis for R” is an 
orthogonal basis in which each basis vector has 
magnitude 1. 


vi tug tees +02. 


Strategy C13  Orthonormal basis R” 


To construct an orthonormal basis for R” 
> Vn} 


from an orthogonal basis {v1, va,... 

for R”: 

1. calculate the magnitude of each basis 
vector 


2. scalar multiply each basis vector by the 
reciprocal of its magnitude. 


The required orthonormal basis is 


p v2 “| 
[vil wal" val J 


Theorem C36 


Let {v1,V2,---,;Vn} be an orthonormal basis 
for R”, and let u be any vector in R”. Then 


u = (vi - u)v + (va - uva +--+ + (Vn + U)v,. 
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Unit C3 Linear 
transformations 

Throughout, V and W denote vector spaces. 

1 Introducing linear 
transformations 

1. A linear transformation of the plane is a 


function from R? to R? that: 

e maps parallel lines to parallel lines 
e preserves scalar multiples 

e maps the zero vector to itself. 


2. The following are linear transformations of 
the plane, for any real numbers k and l. 


A k-dilation of R? scales (or stretches) vectors by 
a factor k with respect to the origin. 


6) (6 2) (6) (6) 


A (k,)-scaling of R? scales vectors by a factor k 
in the x-direction and by a factor l in the 


OEO- 


A rotation rọ of R? rotates vectors anticlockwise 
through an angle 0 about the origin. 


x cos? —sin@\ (zx xcos@ — ysin 0 
rol. = . 
Y sing  cos0) ly xsin@ + ycosé 
A reflection qg of R? reflects vectors in the 


straight line through the origin that makes an 
angle @ with the positive z-axis (measured 


anticlockwise). 
x cos 24 sin 2ġ\ (a 
(5) = (o 2p — cos se (5) 
_ [xcos2ġ + y sin 29 
~ \gsin 2d — ycos2¢/) ` 
A shear of R? in the x-direction by a factor k 
scales (or stretches) vectors in the x-direction by a 
factor of k with respect to the origin. 


060-047) 


3. A translation of R? by (a,b) is the function 
t: R? — R? 
(x,y) — (z +a,y + b). 
A translation is not a linear transformation unless 
a=b=0. 
4. A linear transformation from a vector 


space V to a vector space W is a function 
t: V —>W that satisfies properties LT1 and LT2. 


LT1 t(vi + va) = t(v1) + t(v2), for all vi, v2 € V. 
LT2 t(av) = at(v), forallveV, a ER. 


Theorem C37 


Let t: V — W be a linear transformation. 
Then t(0) =0. 


Strategy C14 Linear transformation 


To determine whether or not a given function 

t: V —> W is a linear transformation, do the 

following. 

1. Check whether t(0) = 0; if not, then t is 
not a linear transformation. 

2. Check whether t satisfies the two 
properties LT1 and LT2. 


The function t is a linear transformation if 
and only if both these properties are satisfied. 


Only step 2 of Strategy C14 is required to show 
that a function t is a linear transformation. 


5. Definition combining LT1 and LT2 


A linear transformation preserves linear 
combinations of vectors. 


Theorem C38 
A function t: V —> W is a linear 


transformation if and only if it satisfies 
LT3 t(a1v1 + a2V2) = ayt(v1) + agt(v2), 
for all v1, v2 € V and all ay,a2 ER. 


6. Linear combinations of vectors 

Given a linear transformation t : V —> W and the 
images of the basis vectors, we can determine the 
image, in W, of any vector in V. 


Unit C3 Linear transformations 


Theorem C39 


Let t: V — W be a linear transformation. 
Then 


t(01V] + 09V2 +++: + AnVn) 
= ajt(v]) + ast(va) +--+ + ant(vn), 


for all v1,...,Vn € V and all a1,...,@n ER, 


and n €N. 


7. The zero transformation and identity 
transformation are linear transformations: 


t: V —W iv: V — V 
v— 0 VEO V. 


and 


2 Matrices of linear 
transformations 


8. Let V and W have dimensions n and m, and 
bases E = {e1,..., €n} and F = {f1,..., fm}. Let 
t: V —>W be a linear transformation, and let A 
be an m x n matrix such that 


t(v)” = Avg, for each vector v in V. 


The matrix representation of t with respect to 
the bases E and F is vg +> Avg =t(v)p. 


The matrix of t with respect to the bases E 
and F is A. 


Theorem C40 


Let t: V — W be a linear transformation, 
let E = {e1,..., en} be a basis for V and let 
F = {f1,...,fm} be a basis for W. Let 
t(e1) = (a11,421,-- 
t(e2) = (a12, a22, . - 


. eta IFs 


,Am2)F; 


ay Gun Es 


t(en) = (ain, An; 


Then there is exactly one matrix of t with 
respect to the bases E and F, namely 


Qin 
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9. Finding the matrix of a linear 
transformation t for bases E and F 


Strategy C15 Matrix representation 


To find the matrix A of a linear 
transformation t: V —> W with respect to 
the basis E = {e1,e2,...,e,} for V, and the 
basis F = {f, fo,...,fm} for W, do the 
following. 
1. Find t(e1), t(e2),..., (en). 
2. Find the F-coordinates of each of these 
image vectors. 
t(e1) = (a11, QI] yeas ,Om1)F 
t(e2) = (ar, AIN x , m2) P 


t(en) = (ain, 02n)- ++ Grae 
3. Construct the matrix A column by 
column. 


The matrix representation is unique for given 
bases with vectors in a given order, however 
different matrix representations result from: 
e different bases for V and W 

e the basis vectors being in a different order. 


10. Matrix definition of a linear 
transformation 


Theorem C41 


Let t: V — W be a function that has a 
matrix representation. Then t is a linear 
transformation. 


Corollary C42 


A function t: V —> W, where V and W are 
finite-dimensional vector spaces, is a linear 
transformation if and only if it has a matrix 
representation. 
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11. The linear transformations from R? to itself 
are those functions that have a matrix 
representation 


x a b\ (2 ax + by 
> — 
y c dj \y cx + dy 
for some a,b,c,d E€ R. 


Similar expressions exist for linear transformations 
from R” to R”. 
3 Composition and invertibility 


12. Combining linear transformations 


Theorem C43 Composition Rule 


Let t: V — W ands: W — X be linear 
transformations. Then: 


1. sot:V —> X is a linear transformation 
2. if A is the matrix of t with respect to the 


bases E and F, and B is the matrix of s 
with respect to the bases F and G, then 


BA is the matrix of s o t with respect to 
the bases E and G. 


Corollary C44 
Let A, B and C be matrices of sizes q x p, 


px m and m x n, respectively. Then 
A(BC) = (AB)C. 


13. An invertible linear transformation 
t: V — W has an inverse function t=! : W — V 
such that 

tlot= iy and tot t= iw. 


A linear transformation is invertible if and only if 
it is one-to-one and onto. 


Theorem C45 


Let t: V — W be a linear transformation. 
(a) If t is invertible, then 17! : W — V is 
also a linear transformation. 


Inverse Rule 


(b) If A is the matrix of t with respect to the 
bases E and F, then: 
(i) t is invertible if and only if A is 
invertible 
(ii) if t is invertible, then A”! is the 
matrix of t7! with respect to the 


bases F and E. 


Corollary C46 


Let t: V — W be an invertible linear 
transformation, where V and W are 
finite-dimensional. Then 


dim V = dim W. 


Strategy C16 


To determine whether or not a linear 
transformation t : V —> W is invertible, 
where V and W are n-dimensional vector 
spaces with bases E and F, respectively, do 
the following. 


Invertibility 


1. Find a matrix representation of t, 
vet > Avg=t(v)r (Strategy C15). 
2. Evaluate det A (Strategy C5). 


e If det A = 0, then t is not invertible. 


e If det A £0, then t is invertible and 
tt: W — V has the matrix representation 


wr H>A7lwp = Uwe. 


Unit C3 Linear transformations 


14. Isomorphisms 


The vector spaces V and W are isomorphic if 
there exists an invertible linear transformation 


t:V —W. 


An isomorphism is such a function t. 


Theorem C47 


The finite-dimensional vector spaces V and 


W are isomorphic if and only if 
dim V = dim W. 


In particular, each n-dimensional vector space is 
isomorphic to R”. 


4 Image and kernel 


15. The image set of a linear transformation 
t: V — W is the set 


Imt = {t(v):v EV}. 
t 


— 


Theorem C48 


Let t: V — W be a linear transformation. 
Then Imt is a subspace of the codomain W. 


Proposition C49 


A linear transformation t is onto if and only if 
dim(Im t) = dim W. 
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16. Finding a basis for Imt 


The images of the domain basis vectors span Im t. 


Strategy C17 Basis for Im t 
To find a basis for Im t, where t : V —> W is 
a linear transformation, do the following. 
1. Find a basis {e1,...,e,} for the 
domain V. 


., t(en). 


. Determine the vectors t(e1), .. 


3. If there is a vector v in 
S = [t(e1),...,t(en)) that is a linear 
combination of the other vectors in S, then 
discard v to give the set Si = S — {v}. 
. If there is a vector vı in S¡ such that vı is 
a linear combination of the other vectors 


in S1, then discard vı to give the set 
Sa = Sy = {vi}. 


Continue discarding vectors in this way until 
you obtain a linearly independent set. This 
set is a basis for Imt. 


The dimension of Im t is equal to the number of 
vectors in the basis for Imt. 


17. The kernel of a linear transformation 
t: V — W is the set 


Kert = {v € V : t(v) = 0}. 


a 
= 
V W 


Theorem C50 


Let t: V — W be a linear transformation. 
Then Kert is a subspace of the domain V. 


To find Kert, solve the system of linear equations 


obtained by equating coordinates in t(v) = 0. 


Theorem C51 Solution Set Theorem 


Let t: V — W be a linear transformation. 
Let b € W and let a be one vector in V that 


maps to b, that is, t(a) = b. Then the 
solution set of the equation t(x) = b is 


{x:x =a +k for some k € Kert}. 


Proposition C52 


A linear transformation t is one-to-one if and 
only if Kert = {0}. 


18. Dimension 


Theorem C53 Dimension Theorem 


Let t: V — W hbe a linear transformation. 
Then 


dim(Im t) + dim(Kert) = dim V. 


basis 
V for Imt W 


Theorem C54 


Let t: V — W be a linear transformation 
from an n-dimensional vector space V to an 
m-dimensional vector space W. 


. If n > m, then t is not one-to-one: 
Kert Æ {0}. 


. If n < m, then t is not onto: Int 4 W. 
. If n =m, then 


e either tis both one-to-one and onto: 
Kert = {0} and Imt = W 
t is neither one-to-one nor onto: 


Kert 4 {0} and Imt AW. 


e or 


e The case where dim V = dim W and t is both 
one-to-one and onto: Kert = 0 and Imt = W. 


dimV =n dim W = m 


t 


n =m 


V W 
Kert = {0}, Imt = W 


e The case where dim V = dim W and t is neither 
one-to-one nor onto: Kert 4 {0} and Imt 4 W. 


dim V =n dim W = m 


t 


n=m W 
Kert 4 {0}, Imt 4 W 


19. Number of solutions of a system of 
linear equations 


Theorem C55 


Let Ax = b be a system of m linear 
equations in n unknowns. 
. If n > m, then Ax = b has either no 
solution or infinitely many solutions. 
. If n < m, then there is some b for which 
Ax = b has no solutions. 


. If n = m, then: 


Ax = b has exactly one solution 
for each b 

there are some b for which Ax = b 
has no solutions; 

for all other b, Ax = b has 

infinitely many solutions. 


e either 


e or 


Unit C4 Eigenvectors 


Unit C4 Eigenvectors 


Throughout, V denotes a vector space. 


1 Eigenvectors and eigenvalues 


1. Lett: V —> V be a linear transformation. 


An eigenvector of t is a non-zero vector v that is 
mapped by t to a scalar multiple of itself: 


t(v) = Av, 


The corresponding eigenvalue is this scalar A. 


for some A E€ R. 


We exclude the case v = 0, since t(0) = 0 for 
every linear transformation t. However, when 

A = 0 the linear transformation maps every vector 
corresponding to this eigenvalue to the origin. 

2. An eigenvector of a square matrix A is a 
non-zero vector v satisfying 


Av = Av, 


The corresponding eigenvalue is A. 


for some À E€ R. 


The eigenvector equations are the equations 
(A — Av =0. 
The characteristic equation of a square matrix 
A is the equation 

det(A — AD) = 0. 
The matrix A — AI is obtained by subtracting A 
from each entry on the main diagonal of A. 


Strategy C18 Eigenvalues/vectors 


To determine the eigenvalues and eigenvectors 
of a square matrix A, do the following. 
1. Find the eigenvalues: 
e write down the characteristic equation 
det(A — AI) = 0 
e expand this determinant to obtain a 
polynomial equation in A (Strategy C5) 
e solve this equation to find the 
eigenvalues. 
2. Find the eigenvectors: 
e write down the eigenvector equations 
(A—ADv=0 
e for each eigenvalue A, solve this system 
of linear equations to find the 
corresponding eigenvectors. 
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3. Diagonal entries of matrices 


Proposition C56 


The sum of the eigenvalues of a square matrix 
A is equal to the sum of the diagonal entries 
of A (the trace of A). 


Theorem C57 


The eigenvalues of a triangular matrix and of 
a diagonal matrix are the diagonal entries of 
the matrix. 


4. Eigenspaces 


Theorem C58 


Let t: V — V be a linear transformation. 
For each eigenvalue A of t, let S(A) be the set 


of vectors satisfying t(v) = Av; that is, S(A) 
is the set of eigenvectors corresponding to A, 
together with the zero vector 0. Then S(A) is 
a subspace of V. 


S(A) is the eigenspace of t corresponding to the 
eigenvalue A. 


Warning: 0 is in the eigenspace, but is not an 
eigenvector. 


5. If the characteristic equation of a square 
matrix A can be written as 


(A= A1) (A = Ag) ++ (A — Ap)? = 0, 


where A1,A2,..., Ap are distinct, then the 
eigenvalue A; of A has multiplicity mj, for 
j=1,2,...,p. 

The dimension of the eigenspace S(A¿) is at most 
equal to the multiplicity m; of the corresponding 
eigenvalue Aj, for j = 1,2,...,p. (However, the 
dimension can be less than the multiplicity mj 

if mj is greater than 1.) 
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2 Diagonalising matrices 


6. Eigenvector bases 


An eigenvector basis of a linear transformation 
t: R” — R” is a basis for R” consisting of 
eigenvectors of t. 


Strategy C19 Matrix representation 
V to V, same basis 
To find the matrix A of a linear 
transformation t: V —> V with respect to 
the basis E = {e1,€2,..., en}: 
. find t(e1), t(e2),...,t(en) 
. find the E-coordinates of each of these 
image vectors 
. construct the matrix A column by column 
using the E-coordinates of t(e;) to form 
column j, for j = 1,2,...,n. 


Theorem C59 


Let t : R” —> R” be a linear transformation, 
let E = {e1,e2,...,e,} be an eigenvector 
basis of t and let t(e;) = Ajej, for 

j =1,2,...,n. Then the matrix of t with 
respect to the eigenvector basis E is 


` U te 0 
o Ag ee: w 
D=|. Doo, : 


OG wx Dy 


If the basis E used in Strategy C19 is an 
eigenvector basis, then the matrix of t is diagonal 
and can be written down using the corresponding 
eigenvalues. 


7. Transition matrices 
The transition matrix P from the basis 
E = {e1,e2,...,@n} for R” to the standard basis 


for R” is the matrix whose jth column is formed 
from the standard coordinates of e;. 


Theorem C60 


Let P be the transition matrix from the basis 
E =(e1,€e2,...,enj for R” to the standard 
basis for R”. Then the standard coordinate 
representation of a vector in R” is given by 


v = Pvg. 
Moreover, P is invertible and 


vg =P Vv. 


The transition matrix P is the matrix of the 
identity transformation ¿ of R” with respect to the 
basis E for the domain and the standard basis for 
the codomain. 


When F is the standard basis for R”, the matrix 
P is the identity matrix Iņ. 


Corollary C61 


The rows or columns of an n x n matrix A 


form a set of n linearly independent vectors if 
and only if det A 4 0. 


8. Transition matrices link the matrix A of a 
linear transformation with respect to the standard 
basis, with the diagonal matrix D with respect to 


an eigenvector basis E. 


t: v — Av 
Step 2 


P-lAPvg = Dvg 


Unit C4 Eigenvectors 


Theorem C62 


Let t : R” — R” be a linear transformation 
and let E be an eigenvector basis of t. Let A 
be the matrix of t with respect to the 
standard basis for R”, let D be the matrix 
of t with respect to the eigenvector basis E 
and let P be the transition matrix from E to 
the standard basis for R”. Then 


D = PAP. 


The matrices D and A are conjugate matrices. 


9. The matrix A is diagonalisable if there 
exists an invertible matrix P such that the matrix 


D = P'AP 
is diagonal. 
10. An eigenvector basis of an n x n matrix A 
is a basis E = {e1, €2,... ,e€n} for R” consisting of 
eigenvectors of A. Thus EF is an eigenvector basis 
of the linear transformation t : R” —> R” given by 
t(v) = Av. 


11. Diagonalising matrices 


Strategy C20 Matrix diagonalisation 


To diagonalise an n x n matrix A: 

. find all the eigenvalues of A 
(Strategy C18) 

. find (if possible) an eigenvector basis 
E = {e1,e2,...,en} of A (Strategy C21) 

. write down the transition matrix P whose 
jth column is formed from the standard 
coordinates of e;. 


Then 
M` 0 
OA 
PUAP=D=|. 7? 


An 


0 0 
where A; is the eigenvalue corresponding to 
the eigenvector e;. 


If A does not have an eigenvector basis, then A is 
not diagonalisable. 
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12. Finding an eigenvector basis 


Theorem C63 


Let A be an n X n matrix with distinct 
eigenvalues A1, À2,.. 


.,An and corresponding 
eigenvectors €1, €2,..., €n. Then 

E = {e1,€2,..., en} is an eigenvector basis 
of A. 


To form an eigenvector basis take one eigenvector 
corresponding to each of the n distinct eigenvalues. 
It may be possible to find an eigenvector basis of 
an n x n matrix even when it does not have n 
distinct eigenvalues. 


Strategy C21 Eigenvector basis 
To find an eigenvector basis of an n x n 
matrix A: 

1. find a basis for each eigenspace of A 


2. form the set E of all the basis vectors 
found in step 1. 


If there are n vectors in E, then E is an 
eigenvector basis of A; otherwise E is not a 
basis. 


13. Calculating powers of matrices 
Powers of a diagonalisable matrix A can be 
calculated using 


A” = PD”P™!, forn=1,2,.... 


3 Symmetric matrices 


14. An orthonormal basis for R” consists of n 
mutually orthogonal vectors of magnitude 1. 

An orthogonal matrix is an n x n matrix whose 
columns form an orthonormal basis for R”. 
Warning: The columns of an orthogonal matrix 
are orthonormal vectors, not just orthogonal 
vectors. 

15. A matrix A is orthogonally diagonalisable 
if there exists an orthogonal matrix P such that 
the matrix 


D = PAP = PHAP 


is diagonal. 


16. A matrix A is orthogonally diagonalisable if 
and only if it is symmetric. 


17. Diagonalising symmetric matrices 


Strategy C22 Orthogonal 

diagonalisation 
To orthogonally diagonalise an n x n 
symmetric matrix A: 


. find all the eigenvalues of A 
(Strategy C18) 
. find an orthonormal eigenvector basis 
E = {e1,e2,...,en} of A (Strategy C23) 
. write down the orthogonal transition 
matrix P whose jth column is formed 
from the standard coordinates of e;. 


Then 
AM 0 
0 à 
PTAP=D=|. 7 
An 
where A; is the eigenvalue corresponding to 
the eigenvector e;. 


0 0 


18. An orthonormal eigenvector basis 


Theorem C64 


Eigenvectors corresponding to distinct 
eigenvalues of a symmetric matrix are 
orthogonal. 


The eigenspace of a symmetric matrix 
corresponding to an eigenvalue of multiplicity r 
has an orthonormal basis comprising r vectors. 


Strategy C23 Orthonormal basis 


To find an orthonormal eigenvector basis of a 
symmetric matrix A: 


1. find an orthonormal basis for each 


eigenspace of A (Strategy C13) 


2. form the set E of all the basis vectors 
found in step 1. 


Then £ is an orthonormal eigenvector basis 
of A. 


19. Orthogonal matrices 


Theorem C65 
A square matrix P is orthogonal if and only if 
P? =P, 


Corollary C66 


Let P and Q be orthogonal n x n matrices. 
Then: 


e P-!(=P”7) is orthogonal 

e the rows of P form an orthonormal basis 
for R” 

e det P = +1 

e the product PQ is orthogonal. 


20. Linear transformations of R? whose matrices 
are orthogonal are rotations about the origin when 
the determinant is +1, and reflections in a line 
through the origin when the determinant is —1. 


Linear transformations of R? whose matrices are 
orthogonal are rotations about a line through the 
origin, reflections in a plane through the origin, or 
combinations of these. The orthogonal matrices 
representing rotations of R° are precisely those 
with determinant +1. 


21. Orthogonally diagonalising a linear 
transformation 


Let t be a linear transformation from R” to R” 
with a matrix representation that is a symmetric 
matrix A. In effect, when we orthogonally 
diagonalise A, we are finding a basis for R” for 
which 


e the matrix of t is diagonal 

e the basis vectors are orthogonal 

e the basis vectors have magnitude 1. 

For R? and R* this new basis is simply the 


standard basis rotated, reflected or, for R3, a 
combination of the two. 
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4 Conics and quadrics 
22. Conics 


The three types of non-degenerate conic in 
standard position are illustrated in the Quick 
reference section on page 133. 


The major and minor axes of a conic in standard 
position are the x-axis and y-axis, respectively. 


The equation of a conic is in standard form if 
the major and minor axes of the conic align with 
the axes of the plane. 


The equation of a conic in standard form 
resembles that of a conic in standard position. 


The equations of the non-degenerate conics in 
standard position are: 


2 y? 
e Ellipse $ a~ 1 
e Parabola y? = 4ax 
2 2 
Y y 
e Hyperbola a u al 


Strategy C24 Classifying conics 
To write the non-degenerate conic with 
equation 

Az? + Bry + Cy? + Fr+Gy+H =0 


in standard form, do the following. 
1. Introduce matrices: 


e write down 


_(A 3B = 
A= (5 o) and 3=( 


2. Align the axes: 
e orthogonally diagonalise A 


(Strategy C22) to get 


T o (Ar 0 
prap = (A °) 


e find (f g) = JTP, and write the conic 
in the form 


My + My) + fa! + gy + H =0. 
3. Translate the origin: 


e complete the squares 
e make a substitution to change to the 
coordinate system (2”, y”). 
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23. Quadrics 


The six types of quadric considered are illustrated 
(in standard position) in the Quick reference 
section on page 135. 


A quadric in R? is the set of points (x,y,z) that 
satisfy an equation of the form 


Az? + By? + Cz? + Fry + Gyz 
+ Hez4+Je4+Ky+Llz+M =0, 


where A to M are real numbers, and A, B, C, F, 
G and A are not all 0. 


There are nine types of quadric involving curved 
surfaces in R*. 


A quadric is in standard position when its axes 
are aligned with the z-, y- and z-axes in a similar 
manner to the non-degenerate conics. 


The equation of a quadric in standard form 
resembles that of a quadric in standard position. 


The different types of quadric can be distinguished 
by the curves of intersection of the planes 
parallel to the coordinate planes that meet the 
quadric in a non-trivial intersection. 


24. The curves of intersection of a 
non-degenerate quadric are non-degenerate 
conics. 


There are five types of non-degenerate quadric and 
we also consider the elliptic cone. 


The equations of the six types of quadric 
considered, in standard position, are: 


2 2 2 
£ y a 
g p an 


e Ellipsoid 7? 


e Elliptic paraboloid y= +5 
a 
E x 

e Hyperbolic paraboloid 2==3->% 


e Hyperboloid of one sheet 


L y 2 
e Hyperboloid of two sheets —+5-5=-1 
a b c 
2 2 2 
e Elliptic cone rt 7 = 5 =0 
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Strategy C25 Classifying quadrics 


To write the quadric with equation 
Ax? + By? + Cz? + Fay + Gyz 
+ Hez+Je4+Ky+lz+M=0 


in standard form, do the following. 
1. Introduce matrices: 
e write down the matrices 

1 1 
A SF 5H 
F B iG 
H 3G C 

J 


and J= | K 
L 


A= 


2. Align the axes: 

e orthogonally diagonalise A 

(Strategy C22) to get 

A, 0 0 
0 Ag 0 
0 0 As 
e find (f g h) = JTP, and write the 

quadric in the form 

A) + Aly)? A) 

+ fa’ +gy' +h? +M =0. 
3. Translate the origin: 


PTAP = 


e complete the squares 
e make a substitution to change to the 
coordinate system (2”, y”, 2). 


Warning: It is the distribution of the plus and 
minus signs that distinguishes the types of 
quadric. For example, an equation of the form 


a? y? 2 


a Bo 
represents a hyperboloid of one sheet, and an 
equation of the form 


=a 


represents a hyperboloid of two sheets; it is 
equivalent to the equation 
2 2 2 
x y a. 
-72 + Be + zZ = —]. 


Book D Analysis 1 
Unit D1 Numbers 


1 Real numbers 


1. The set of natural numbers, integers and 
rational numbers (or rationals) are, 
respectively, 


N = {1,2,3,...}, 

Z= {...,—2,—1,0,1,2,...}, 

Q = {p/q :pE Zq E N}. 
These numbers can all be represented on a 
number line. 


2. The rationals have a natural order on the 
number line. 


If a lies to the left of b on the number line, then 


we say that 

a is less thanb or bis greater than a 
and we write these as strict inequalities 

a<b or b>a. 


We write the weak inequalities a < b or b > a, if 
either a < b or a = b. 


3. A decimal is an expression of the form 


a 
= 09-410903...= E 00 + — +33 tm) 


where ag is a non-negative integer and an is a digit 
for each n E N. (A digit is in the set {0,1,...9}.) 


A terminating or finite decimal has only a 
finite number of the digits a1, a2,... that are 
non-zero. 

A non-terminating or infinite decimal has 
infinitely many of the digits a1, a9,... that are 
non-zero. 

A recurring decimal is a decimal with a 
repeating block of digits; for example, 
0.86363... = 0.863. By definition 

1 = 0.9 = 0.999... 

4. Every rational number can be represented by 
a finite or a recurring decimal. 

An irrational number is a real number which is 
not rational. 


The set of irrational numbers consists of all the 
non-recurring decimals. 


Unit D1 Numbers 


The set R of real numbers is the union of 


the set of rational numbers and the set of 


irrational numbers; it is the set of all 
terminating, recurring and non-recurring 
decimals. 


We order two real numbers by examining their 
decimal representations and noticing the first 
place at which the digits differ. 


The real line is the number line complete with 
both rational and irrational points. 


There is a one-to-one correspondence between the 
points on the real line and the set R of real 
numbers. We often use the word ‘point’ to mean 
‘number’ in this context. 


Order properties of R 
Trichotomy Property Ifa,b € R, then 
exactly one of the following holds: 


a<b or a=b or a>b. 
Transitive Property Ifa,b,cEeR, then 
a<b and b<c = axa 


Archimedean Property Ifa € R, then 
there is a positive integer n such that 


n> a. 


Density Property Ifa,b¢ Randa <b, 
then there is a rational number x and an 
irrational number y such that 


a<x<b and a<y<b. 


5. Arithmetic in R 

The set R of real numbers forms a field: the 

properties Al-A5, M1-M5 and D1 all hold. 

(See 4. on page 14.) 

More succinctly these properties mean that: 

e R is an abelian group under the operation of 
addition + 

e R* = R — {0} is an abelian group under the 
operation of multiplication x; 


and these two group structures are linked by the 
distributive property. 
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2 Inequalities 
6. Rearranging inequalities 


We use the usual rules for the sign of a product. 


In particular, the square of any real number is 
non-negative. 


Rules for rearranging inequalities 


Let a,b,c and p be real numbers. 

Rule 1 a<b => b-a>0. 

Rule 2 a<b => a+c<b+c<c. 

Rule 3 Ifc>0,thena<b <= ac< be; 
ifc<0,thena<b <= ac> be. 


Rule 4 Ifa,b>0, then 


1d 
a“ b 
If a,b > 0 and p > 0, then 


a<b => ad <b. 


a<b <= 


la| <b = —b<ac<b. 


There are corresponding versions of these rules 
where the strict inequality a < b or |a| < b is 
replaced by the weak inequality a < b or |a| < b, 
respectively. 


7. The solution set of an inequality involving 
an unknown real number zx is the set of values of x 
for which the given inequality holds. 


To solve the inequality, find the solution set by 
rewriting the inequality in an equivalent but 
simpler form, using the rules for rearranging 
inequalities. 


8. The modulus (or absolute value) of a real 
number a is defined by 


a, ifa>0, 
lal = 
—a, ifa<0. 


The distance on the real line from 0 to a is Jal, 
and from a to bis |a — b| (= |b — al). 


Properties of the modulus 


If a,b € R, then 
1. |a| > 0, with equality if and only if a = 0 


- ~la] < a < |a| 
al? = a? 


a — b| = |b — a| 
ab| = |aļlb]. 


3 Proving inequalities 


9. Rules for inequalities 


Combination Rules 

Ifa < band c< d, then 

Sum Rule a+c<b+d 

Product Rule ac< bd, provided a,c > 0. 


Transitive Rule 
a<bandb<c = a<c. 


Triangle Inequality 


If a,b € R, then 
1. |a+b| < Ja] + |b] (usual form) 
2. |a—b| > [la] — |b]|  (*backwards” form). 


There are also versions of the Combination and 
Transitive Rules involving weak inequalities. 


There is a version of the Triangle Inequality for n 
real numbers, where n > 2: 


lay +02 ++: + an| < |ar| + [az] + +++ + lan]. 


10. Inequalities for real numbers 


2 
e ab < (2) , fora,bER. 


eya? +b? <a+b, fora,b>0. 
e |y/a—vVb] < a=b], for a,b> 0. 


11. The binomial coefficient 


() a 


for any non-negative integers n and k with k < n, 
is the number of combinations of n objects taken 
k at a time. (Note 0! = 1.) 


Theorem D1 Binomial Theorem 
If a,b E€ R and n EN, then 


(a+0)" = 5 C) ar=kpk 


= gr + na—1p + n(n = 1) 


k=0 

n—-2p2 1, n 
Te bY +-+-+ 0". 
In the important special case where a = 1 


and b= a € R, we have 
n 


A+ =Y( 


k=0 


12. Inequalities for natural numbers 


Theorem D2 Bernoulli’s Inequality 
If x € R and n €N, then 


(l+a)” >1+nz, 


when x > —1. 


e 2?” >1l+n, forn>1. 
0 2 >n?, forn>4. 


1 1 
e 1+ <21/n<1+-=, forn>1. 
2 1 n 


n — 


4 Least upper bounds 


13. A set E C R is bounded above if there is a 
real number M, called an upper bound of E, 
such that 


x<M, forallre Ee. 


If the upper bound M belongs to E, then M is 
called the maximum element of E, and is 
denoted by max E. 


14. A set E CR is bounded below if there is a 
real number m, called a lower bound of E, such 
that 


m<mx, forallx € E. 


If the lower bound m belongs to E, then m is 
called the minimum element of E, and is 
denoted by min E. 


Unit D1 Numbers 


15. A set E C R is bounded if E is bounded 
above and bounded below; the set E is 
unbounded if it is not bounded. 


16. A real number M is the least upper bound, 
or supremum, of a set E CR if 
1. M is an upper bound of E 


2. each number M’ < M is not an upper bound 
of E. 


In this case, we write M = sup E. 


Strategy D1 Least upper bound 


To show that M is the least upper bound 

(supremum) of a subset E of R, check that: 

1. x< M, for all x € E 

2. if M' < M, then there is some x € E such 
that x > M”. 


Least Upper Bound Property of R 


Let E be a non-empty subset of R. If E is 
bounded above, then E has a least upper 
bound. 


17. A real number m is the greatest lower 
bound, or infimum, of a set E C R if 


1. mis a lower bound of E 
2. each number m’ > m is not a lower bound of E. 


In this case, we write m = inf E. 


Strategy D2 Greatest lower bound 

To show that m is the greatest lower bound 

(infimum) of a subset E of R, check that: 

l. > m, for all x € E 

2. if m’ >m, then there is some x € E such 
that 2 < m. 


Greatest Lower Bound Property of R 
Let E be a non-empty subset of R. If E is 


bounded below, then YE has a greatest lower 
bound. 
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5 Manipulating real numbers 


18. We define the sum and product of two 
positive real numbers a and b (expressed as 
decimals) as follows. Form the sums (or products) 
of truncations of a and b to n decimal places for 
each n € N, and take the least upper bound of the 
resulting set of finite decimals. 


Similar ideas can be used to define the operations 
of subtraction and division. 


19. Existence of roots 


Theorem D3 


For each positive real number a and each 


integer n > 1, there is a unique positive real 
number b such that 


db” =a. 


We call this positive number b the nth root of a, 
and write b = yya. We also define 40 = 0, since 
0"=(0 

For each positive number a there are two real 
solutions to the equation b” = a when n is even: 
*/a and a!/” always denote the positive nth root 
of a. We write + %/a or +a!” to refer to both real 
solutions (for example, when solving equations). 


20. Ifa >0, m €Z and n €N, then 
ail” = (Ya) = Yar. 


Index Laws 


If a,b > 0 and z,y € Q, then 
e a”b” = (ab)” 


e ata’ = att 


o (a) =a”. 


78 


Unit D2 Sequences 


1 Introducing sequences 


1. A sequence is an unending list of real 
numbers 
Gir 42,43,.... 


The real number a,, is called the nth term of the 
sequence, and the sequence is denoted by 


(Gn). 


A sequence may begin with a term other than a1; 
for example, ay or az. 


2. A sequence diagram is the graph of the 
function from N to R that represents the sequence; 
that is, the following set of points in R?: 


Tan) = 192, oss 
3. A sequence (an) is said to be 


e constant if 


üni =p, forn=1,2,... 
e increasing if 

an+1 2 An, forn=1,2,... 
e strictly increasing if 

An+1 > An, forn=1,2,... 
e decreasing if 

An+1 < An, forn=1,2,... 
e strictly decreasing if 

üni < An, forn=1,2,... 


e monotonic if (an) is either increasing or 
decreasing 

e strictly monotonic if (a,,) is either strictly 
increasing or strictly decreasing. 


Strategy D3 Monotonic sequence 


To show that a given sequence (an) is 

monotonic, consider the difference an+1 — an. 

e If an41 — an > 0, for n = 1,2,..., then 
(an) is increasing. 

e If dn41 — an < 0, for n = 1,2,..., then 
(an) is decreasing. 


Strategy D4 Monotonic (+ve terms) 


To show that a given sequence (an) of positive 


terms is monotonic, consider the quotient 
Un+1 


Un 
«to > 1, for n = 1, 2,.+., then (an) is 
an 


increasing. 
Ze 1, for n = 1,2,..., then (an) is 


an 
decreasing. 


4. A sequence (an) has a certain property 
eventually if the sequence has this property 
provided we ignore a finite number of terms. 


2 Null sequences 


5. Sequences converging to 0 


The sequence (an) is null if 


for each positive number e, there is an integer 
N such that 


lan| <e, foraln >N. 


In this case we also say that the sequence (an) is 
convergent with limit 0, or that (an) 
converges to 0. 


Strategy D5 Null/non-null sequence 


e To show that the sequence (an) is null, 
rearrange the inequality |an| < e to find an 
integer N (generally depending on e) such 
that |an| < e, for all n > N. 

e To show that the sequence (an) is not null, 
find one value of e > 0 for which there is no 
integer N such that Ja, | < e for all n > N. 


Unit D2 Sequences 


6. The sequence (an) is null if and only if the 
sequence (la, |) is null. 


A null sequence (an) remains null if a finite 
number of terms are added, deleted or altered. 


7. A sequence (an) is dominated by a 


sequence (bn) of non-negative terms if 
al < bay . for m= Tide 


8. Rules for null sequences 


Theorem D4 Power Rule 


coe 
is 


If (an) is null, where an > 0, for n= 1,2, 
and p is a positive real number, then (a?) 
null. 


Theorem D5 Combination Rules 
If (an) and (bn) are null, then: 


Sum Rule (an + bn) is null 


Multiple Rule ()a,,) is null, for A€ R 


Product Rule (anņbn) is null. 


Theorem D6 Squeeze Rule 


If (bn) is a null sequence of non-negative 
terms, and 


[ell Sigs TOR WH Ll Zi 


then (an) is null. 


Strategy D6 Null sequence - 
Squeeze Rule 
To use the Squeeze Rule to show that a 
sequence (an) is null, do the following. 
1. Guess a dominating null sequence (bpn) 
with non-negative terms. 
2. Check that Jas] < bn, for n = 1,2,.... 
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9. Basic null sequences 


Theorem D7 Basic null sequences 
The following sequences are null. 
(1/n?), —forp>0. 
my for le] < 1. 
n?e”), for p>0,|cl| <1. 
c"/n!), forceER. 
nP/n!), forp>0. 


(c 
( 
( 
( 


3 Convergent sequences 


10. The sequence (an) is convergent with 
limit l if (an — l) is a null sequence. 


We say that (an) converges to l and we write 


lim an =1 an > l as n —> o, 


N—>>00 


or 
or simply an > l. 
Equivalently, the sequence (an) converges to l if 


for each positive number e, there is an integer 
N such that 


lan =l|<e, foraln>N. 
An A 
b+ ey - e an e 
i — 3 e o 
l-el sene : 
N ñ 


11. If a sequence is convergent, then it has a 
unique limit (See Corollary D12, in 15. on 
page 81.) 


A convergent sequence (an) with limit l remains 
convergent with limit / if a finite number of terms 
are added, deleted or altered. 


12. Sequences converging to 1 


e limn!” =1 
n—>00 

e limal/”=1, for any positive number a. 
n—>00 


13. The dominant term of a quotient involving 
the variable n, where n = 1,2,..., is the term in n 
(without its coefficient) which eventually has the 
largest absolute value. 


Strategy D7 Limit of a sequence 
involving a quotient 


To evaluate the limit of a sequence whose nth 
term is a complicated quotient, do the 
following. 


1. Identify the dominant term, noting that 
n! dominates c”, 
and, for |c| > 1 and p > 0, 
c” dominates n”. 


2. Divide both the numerator and 
denominator by the dominant term. 


3. Apply the Combination Rules. 
14. Rules for convergent sequences 


Theorem D8 Combination Rules 


If lim a, =l and lim b, = m, then: 
n00 n00 


Sum Rule lim (an + bn) =l+m 
Multiple Rule lim (Aan) = Al, for AER 
Product Rule 


Quotient Rule 
provided that m Æ 0. 
In applications of the Quotient Rule, (bn) is 


always eventually non-zero since m Æ 0, although 
some terms bn may be zero. 


Lemma D9 
If lim an = l and l > 0, then there is an 


itene N such that 
> sl, for all n > N. 


15. Further rules for convergent sequences 


Theorem D10 Squeeze Rule 
If (an), (bn) and (cn) are sequences such that 
1. bp < an < Cn, for n= 1,2,..., 


2. lim 6b, = lim c, =I, 
n-—>00 n—>00 


then lim a, = l. 
n-—>00 


Theorem D11 Limit Inequality Rule 
If lim a, =l and lim bn = m, and also 
n—00 n—>00 
an < bn, forn=1,2,..., 


then L< m. 


Note, however, that strict inequalities are not 


necessarily preserved in the Limit Inequality Rule. 


Corollary D12 


If lim a, =land lim a, = m, then l = m. 
n—>00 n—>00 


Theorem D13 


If lim a, =l, then lim la, | = |l]. 
n-—>00 Noo 


4 Divergent sequences 


16. A sequence is divergent if it is not 
convergent. 


A sequence (an) is bounded if there is a number 


M such that 
[del <M, form= LB 


A sequence is unbounded if it is not bounded. 


Theorem D14 


If (an) is convergent, then (an) is bounded. 


Corollary D15 


If (an) is unbounded, then (an) is divergent. 


Unit D2 Sequences 


17. The sequence (an) tends to infinity if 


for each positive number M, there is an integer 
N such that 
an> M, foralln>N. 
In this case, we write 
An > œ as n-—>00 or simply a, > œ. 
The sequence (an) tends to minus infinity if 
—An >00 as n > oo. 
We write 
an > —œ asn —oœ or simply an > —o. 
18. If a sequence tends to infinity, or to minus 
infinity, then it is unbounded and hence divergent. 


A sequence (an) that tends to infinity remains a 
sequence that tends to infinity if a finite number 
of terms are added, deleted or altered. Similarly 
for a sequence that tends to minus infinity. 


19. Rules for sequences tending to infinity 


Theorem D16 Reciprocal Rule 


If the sequence (an) satisfies the conditions 
1. (an) is eventually positive 
2. (1/a,,) is a null sequence 


then an => oo. 


Theorem D17 Combination Rules 


If (an) tends to infinity and (bn) tends to 
infinity, then 


Sum Rule (an + bn) tends to infinity 


Multiple Rule (Aan) tends to infinity 


for AE Rt 


Product Rule  (a,b,) tends to infinity. 


Theorem D18 Squeeze Rule 
If (bn) tends to infinity and 
an > bn, forn=1,2,..., 


then (an) tends to infinity. 
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20. A subsequence of the sequence (an) is a 
sequence (a, ) where (ng) is a strictly increasing 
sequence of positive integers; that is, 
Ni < Nna INZ L-e. 
e The even subsequence (apg) comprises the 
even terms of (an); that is, d2,04,...,02k,-... 
e The odd subsequence (a2;_;) comprises the 
odd terms of (an); that is, a1,@3,...,@2k-1,---- 


A sequence is always a subsequence of itself. 


Theorem D19 


For any subsequence (an,) of a sequence (an): 
1. if an > l as n + 00, then an, > l as 
k => œ 
. if an > œ as n — œ, then an, — 00 as 
k => 00. 


Corollary D20 Subsequence Rules 

First Subsequence Rule The sequence 
(an) is divergent if (an) has two convergent 
subsequences with different limits. 

Second Subsequence Rule The sequence 
(an) is divergent if (an) has a subsequence 
which tends to infinity or a subsequence 
which tends to minus infinity. 


Strategy D8 Divergent sequences 


To prove that the sequence (an) is divergent, 
do one of the following: 


e show that (an) has two convergent 
subsequences with different limits 

e show that (an) has a subsequence which 
tends to infinity or a subsequence which 
tends to minus infinity. 


21. A sequence (a, ) consists of two subsequences 
(Gm, ) and (an, ) if every term of the sequence 
appears in one or other of the subsequences. 


Every sequence (an) consists of its even 
subsequence (as) and its odd subsequence 
(a2k-1). 


Theorem D21 


Let (an) consist of two subsequences (am, ) 
and (an,), which both tend to the same 


limit l. Then 


lim a, =1. 
n—>00 


5 Monotone Convergence 
Theorem 


22. Monotonic sequences 


Theorem D22 Monotone 
Convergence Theorem 

If the sequence (an) is either 

e increasing and bounded above, or 


e decreasing and bounded below, 


then (an) is convergent. 


Theorem D23 Monotonic Sequence 
Theorem 


If the sequence (an) is monotonic, then either 
(an) is convergent or an — +00. 


23. The irrational numbers r and e 


T= im $$n sin(27r/sp), 


where sn = 3 x 2”. 


1 n 
e= lim (1 + =) 
n— oo n 
and 
We n 
e” = lim (1 +3) , for any z >Q. 
n—0o n 


Unit D3 Series 


1 Introducing series 


1. An infinite series, or series, is an 
expression 


ai +a2 +03 +++." 
where (an) is a sequence. 
The nth term of the series is ay. 
The nth partial sum of the series is 
Sn = 41 +09 +: + an. 
2. A series is convergent with sum s (or 
converges to s) if its sequence (sn) of partial 
sums converges to s: we write 
01 +a2 +03 +: Ss. 
A series diverges, or is divergent, if the 
sequence (sn) diverges. 
3. Sigma notation 
We write 


[0,6] 

Y an = 41 tag +03 +: : 

n=1 
When using sigma notation to represent the nth 
partial sum of such a series, we write 


n 
Sn = 41 + 02 +:*** + an = > Ok. 
k=1 


If a series begins with a term other than a1, we 
write, for example, 


oO 
> An = a0 +01 +dg+---; 
n=0 


for such a series, 
n 
Sn = Q0 + 41 +: + an = J ak. 
k=0 


4. Geometric series 


Sum of a finite geometric series 


The geometric series with first term a, 
common ratio r 4 1 and n terms has the sum 
a(l- r”) 


atar+---t+ar*!= 
l-r 


Unit D3 Series 


The (infinite) geometric series with first term 
a and common ratio r is 


CO 
X ar” =a+ar+ar? +.. 


n=0 


Theorem D24 Geometric series 


(oe) 
(a) If |r| < 1, then > ar is convergent, 
n=0 
with sum 


-r 
(b) If |r| > 1 and a 40, then Sar” is 


divergent. da 


5. A telescoping series is a series where nearly 
all of the terms in the partial sums cancel out. 


6. Rules for convergent series 


Theorem D25 Combination Rules 


Suppose that y an = s and > bn = t. Then 


n=1 n=1 
OO 


Y (an+tbn)=s+t 


n=1 


Sum Rule 


Multiple Rule y Adn = As, for AER. 


n=1 


7. Rule for divergent series 


Corollary D26 Multiple Rule 


0,0) 
Suppose that y an is divergent and that A is 
n=1 


a non-zero real number. 


oO 
Then `> Aan is divergent. 


n=1 
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8. Non-null Test 


Theorem D27 


If > an is a convergent series, then its 
n=1 
sequence of terms (an) is a null sequence. 


Corollary D28 Non-null Test 


co 
If (an) is not a null sequence, then >, An is 


divergent. n= 


Strategy D9 Divergent - Non-null Test 


co 
To show that y an is divergent using the 
n=1 
Non-null Test, check that the sequence (an) is 
not null by showing that (|a,,|) has one of the 
following: 
e a convergent subsequence with non-zero 
limit 


e a subsequence which tends to infinity. 


Warning: The Non-null Test cannot be used to 
show that a series is convergent. 


2 Series with non-negative 
terms 


9. Comparison Test for series 


Theorem D30 Comparison Test 
(a) KOS an < bn, for n= L 2: 8nd 


Co Co 
D bn is convergent, then y An 18 


n=1 n=1 
convergent. 


(b) TE O< by <an, for 7#= 1,2...., and 


OO [0.0] 
o bn is divergent, then De An is 


n=1 n=1 


divergent. 


Strategy D10 Convergent/divergent 
- Comparison Test 


OO 
To show that a series y an Of 
. n=1 . 
non-negative terms is convergent using the 


Comparison Test, do the following. 


oO 
1. Guess that > an is dominated by a 


n=1 
oo 


convergent series > bn. 
n=1 


2. Check that 0 < a, < bn, forn=1,2,.... 


Co 
To show that a series `> An Of 
n=1 
non-negative terms is divergent using the 


Comparison Test, do the following. 
Co 


1. Guess that `> an dominates a divergent 


n=1 


0O 
series > bn. 
n=1 


2. Check that 0 < bn < an, forn=1,2,.... 


The inequalities can be shown to hold eventually; 
that is, for all n > N, for some number N. 


10. Limit Comparison Test for series 


Theorem D31 Limit Comparison 
Test 


OO [oe] 
Suppose that > an and y bn have positive 
n=l n=1 
terms and that 
a 
ED asn > BO, 
bn 


where L #0. 


Co oO 
(a) If Y b, is convergent, then y An 18 
n=1 n=1 
convergent. 


(b) If > bn is divergent, then ta an is 
n=1 n=1 


divergent. 


Strategy D11 Convergent /divergent - 
Limit Comparison Test 
e To show that a series p9 an Of positive 


n=1 
terms is convergent using the Limit 


Comparison Test, do the following. 


0,0) 
1. Guess that y An behaves like a 
n=1 oo 
comparable convergent series `> bn of 


positive terms. n=1 


. Check that 
an, 


— => L £0 asn —> oo 
bn 


00 
and deduce that y an converges. 
n=1 
00 


To show that a series >. an Of positive 


n=1 
terms is divergent using the Limit 


Comparison Test, do the following. 
[0,0] 


1. Guess that Sy An behaves like a 


n=1 
oo 


comparable divergent series x: bn of 
n=1 
positive terms. 
. Check that 


> LA0as noo 


n 


(oe) 
and deduce that Ne an diverges. 


n=1 


Unit D3 Series 


11. Ratio Test for series 


Theorem D32 Ratio Test 


Suppose that > an has positive terms and 
n=1 


Un+1 
that “t* > l as n > 00. 
An 
CO 


(a) If0 <1 <1, then y an is convergent. 


n=1 


oO 
(b) Ifl > 1 or l= œ, then Y an is 


n=1 
divergent. 


If l = 1, then the Ratio Test is inconclusive — the 
series may be convergent or divergent. 


12. Basic Series 


Theorem D33 Basic series 


The following series are convergent: 
Co 


1 
° Za for p > 2 


n=1 


Co 
bee forO<c<l 
n=1 


(oe) 
Sve forp>0, 0<c<1 
n=1 


for c > 0. 
n=1 ` 
The following series is divergent: 
00 


1 
° ae fr0<p<1. 


n=1 
In particular, the harmonic series 
00 
2 
n=1 1 


is divergent. 
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3 Series with positive and 
negative terms 


0,0) 
13. The series > an is absolutely convergent 


n=1 
00 
if > lan | is convergent. 


n=l 


Theorem D34 Absolute Convergence 
Test 


Co oO 
If 3. an is absolutely convergent, then > An 


n=1 n=l 


is convergent. 


Theorem D35 Triangle Inequality 
(infinite form) 


co 
If y an is absolutely convergent, then 


n=l 


00 
3 < 
n=1 


(oe) 
janl. 
1 


n= 


14. Alternating Test for series 


Theorem D36 Alternating Test 
Let 
an =D". WHT, Basa; 


where (bn) is a decreasing null sequence with 
positive terms. Then 


Nan =b1 — bp + b3 — ba +- 


n=l 


is convergent. 
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Strategy D12 Convergent series - 
Alternating Test 


oo 


To prove that > an is convergent using the 


n=1 
Alternating Test, check that 


an = Ide = Tj dns 


where 

1. db, > 0, for n = 1,2,... 
2. (bn) is a null sequence 
3. (bn) is decreasing. 


15. Determining convergence/divergence 


Strategy D13 General strategy 


To determine whether a series ys an is 

convergent or divergent, do the following. 

1. If you think that the sequence of 
terms (an) is non-null, then try the 
Non-null Test. 

2. If y an (eventually) only has 
non-negative terms, then try one of these 
tests. 

Basic series Is y an a basic series, or a 
combination of these? 

Comparison Test Is a, < bn, where 
y bn is convergent, or an > bn > 0, 
where > bn is divergent? 

Limit Comparison Test Does a, 
behave like b, for large n (that is, does 
An/ bn —> L #0), where bn is a series 
that you know converges or diverges? 

Ratio Test Does anii/an > l #1? 


. If y an has infinitely many positive and 


negative terms, then try one of these tests. 
Absolute Convergence Test 
Is x la, | convergent? (Use step 2.) 
Alternating Test Is a, = (-1)”* bp, 
where (bn) is non-negative, null and 
decreasing? 


The following suggestions may also be helpful. 


e If an is positive and includes n! or c”, then 
consider the Ratio Test. 

e If a, is positive and has dominant term n”, then 
consider the Comparison Test or the Limit 
Comparison Test. 

e If a, includes a sine or cosine term, then use the 
fact that this term is bounded and consider the 
Comparison Test and the Absolute Convergence 
Test. 

e If the terms of the series y an are (eventually) 
only non-positive, apply step 2 of the strategy 
to the series S (an) and then use the 
Multiple Rule with A = —1. 


e If Strategy D13 doesn’t give a result, then you 
could try using first principles by working 
directly with the sequence (sn) of partial sums. 


4 The exponential function 


16. Alternative definition of the 
exponential function 


Theorem D37 
If x > 0, then 


a lim (1+ =)" =e" 
| n 


n—>00 


For x < 0, 
e” = (ee, 


17. Properties of e? 


Theorem D38 


The number e is irrational. 


Theorem D39 


For any real numbers x and y, we have 
erty = ete, 


Unit D4 Continuity 


Unit D4 Continuity 


1 Operations on functions 


1. Convention for real functions 


When a real function is specified only by a rule, it 
is understood that the domain of the function is 
the set of all real numbers for which the rule is 
applicable, and the codomain of the function is R. 


2. A function f is defined on a set I (usually 
an interval) if the domain of f contains the set I. 
3. Let A and B be subsets of R and f : A—>R 
and g : B — R be functions. Then 


e the sum f +g is the function with domain 
AN B and rule 


(f + 9)(x) = f(z) + g(x) 
e the multiple Af, for A € R, is the function with 
domain A and rule 


(Af) (x) = Af (x) 
e the product fg is the function with domain 
ANB and rule 


(f9)(x) = f(x)g(z) 
e the quotient f/g is the function with domain 
AN B-—{ax: g(x) = 0} 
and rule 


(f/9)(@) = F(a)/g(a) 


e the composite go f is the function with 
domain 


{x EA: f(x) € B) 
and rule 


(go f)(x) = g(f(x)). 


image set of 


gof 


domain of 
gof 


FA)NB 
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4. A real function f defined on an interval I is 
e increasing on J if 

zı < T2 => f(xi)<f(xe), for zı, z2 €T 
e strictly increasing on / if 


zı < z2 => fua)< lu), for zı, mel 


e decreasing on I if 


zı < og => Flu) > fico), for zı, mel 
. p ; f is discontinuous at a 
e strictly decreasing on J if 


<a = f(t1)> f(e2), forzzmEel | Strategy D14 Continuous / 
e monotonic on J if f is either increasing on J or discontinuous function 


decreasing on I e To prove that a function f : A — R is 


e strictly monotonic on J if f is either strictly continuous at the point a € A: 
increasing on / or strictly decreasing on J. show that, if (£n) is any sequence in A 
such that £n > a, then f(zn) > f(a). 
e To prove that a function f : A — R is 
discontinuous at the point a € A: 


2 Continuous functions find one sequence (zn) in A such that 
In > a but f(x) + f(a). 


A strictly monotonic function is one-to-one. 


5. Sequential definition of continuity 


6. Rules for continuous functions 


A function f : A —> R is continuous at a 
point a € A if for each sequence (xn) in A 


Theorem D40 Combination Rules 
If f and g are continuous at a, then so are 


Sum Rule ft+g 


such that £n —> a, we have f(£n) > f(a). 


We say that f is continuous (on A) if f is Multiple Rule df, brien 
continuous at each point a € A. 

Product Rule 

We say that f is discontinuous at a if f is not aaa fg 


continuous at a point a in A. Quotient Rule f/g, provided g(a) Æ 0. 


Theorem D41 


The following functions are continuous: 
e any polynomial p(x) = ap + a,x +--+ anz” 
(on its domain R) 


e any rational function r(x) = p(x1)/q(x), 
where p and q are polynomials (on its 
domain R — {x : g(x) = 0)). 


f is continuous at a 
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Theorem D42 Composition Rule 


If f is continuous at a and g is continuous 
at f(a), then go f is continuous at a. 


Theorem D43 Squeeze Rule 


Let f, g and h be defined on an open 
interval J and let a € I. If 


1. g(x) < f(x) < h(x), for x € I, 
2. g(a) = f(a) = h(a), and 


3. g and h are continuous at a, 


then f is also continuous at a. 


Theorem D44 Glue Rule 


Let f be defined on an open interval J and 
let a € I. If there are functions g and h such 
that 


1. f(x) = g(x), for x € I, x <a, 
(x) = h(x), for x € I, x >a, 
2. f(a) = gla) = h(a), and 


3. g and h are continuous at a, 


then f is also continuous at a. 


7. Continuity at a point is a local property 
because it depends only on the behaviour of the 
function near that point. 


The restriction of a continuous function is 
continuous. 


Unit D4 Continuity 


8. Trigonometric functions 


Theorem D45 Sine Inequality 


: T 
sing <2, forOS@< 5. 


Corollary D46 


[sin z| < |æ|, forxeR. 


Theorem D47 


The trigonometric functions sine, cosine and 
tangent are continuous. 


9. The exponential function 


Theorem D48 Exponential Inequalities 
(a)  >1+x, frr>o0 


for 0<x<l. 


Corollary D49 


1 
1+a2<e* < —, for |z| <1. 
La 


Theorem D50 


The exponential function is continuous. 


10. The following theorem collects together 
Theorems D41, D47 and D50 along with two 
additional continuous functions. 


Theorem D51 Basic continuous 
functions 

The following functions are continuous: 

e polynomials and rational functions 


f(x) = |z| 

f(z) = yz 

the trigonometric functions sine, cosine and 
tangent 


the exponential function. 
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3 Properties of continuous 
functions 


11. Intermediate Value Theorem 


Theorem D52 Intermediate Value 
Theorem 


Let f be a function continuous on [a,b] such 
that f(a) 4 f(b), and let k be any number 
lying between f(a) and f(b). Then there 
exists a number c in (a,b) such that 


He) =k. 


Theorem D53 (special case) 


Let f be a function continuous on [a,b] and 
suppose that 


f(a) <0 < f(b). 


Then there exists a number c in (a,b) such 
that 


He) =0. 


There may be more than one possible value of c 
such that f(c) =k, or f(c) = 0, respectively. 
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Theorem D57 Antipodal Points 
Theorem 


If g : [0,27] — R is a continuous function 


and g(0) = g(27), then there exists a number 
cin [0,7] such that 
) 


g(c) = g(c + 7). 


12. Bisection method 


Given that there is a solution to f(c) = k in an 
interval (a,b), the bisection method involves 
repeatedly bisecting the interval and determining 
the values of f at the bisection points, in order to 
find shorter and shorter intervals in which the 
solution must lie. 


13. A zero of a function f is a real number c such 
that f(c) = 0. We also say that f vanishes at c. 


14. Locating zeros of polynomials 


A real polynomial of degree n has at most n zeros 
(distinct roots). 


Theorem D54 
Let 
pla) = £” + dna") +--+ + aix + ao 


for x € R, where ap, a1,...,an-1 E R. 


Then all the zeros of p (if there are any) lie in 
the open interval (— M, M), where 


M =1+max[lan-11,...,la1!, laol}. 


15. Let f be a function with domain 4. Then 


e f has maximum value f(c) in A if c € A and 
f(z) < f(c), forreA 

e f has minimum value f(c) in A if c € A and 
f(c) < f(x), frreA 

e f is bounded on A if, for some M ER, 
|f(z)| <M, forxe A. 


An extreme value is either a maximum or a 
minimum value. 


A function can be bounded without having a 
maximum value or a minimum value. 


YA 


Theorem D55 Extreme Value 
Theorem 


Let f be a function continuous on [a,b]. Then 
there exist numbers c and d in [a, b] such that 


f(c) < f(x) < f(d), for x € [a,b]. 


Corollary D56 Boundedness Theorem 


Let f be a function continuous on [a,b]. Then 
there exists a number M such that 


lf(x)| < M, for 2 € [a,b]. 


Unit D4 Continuity 


4 Inverse functions 


16. Finding inverse functions 


Theorem D58 Inverse Function Rule 


Let f : I — J, where J is an interval and J 
is the image set f(1), be a function such that 


1. f is strictly increasing on I 
2. f is continuous on J. 


Then J is an interval and f has an inverse 
function f~! : J — I such that 


1’. f7} is strictly increasing on J 
2. fl is continuous on J. 


The interval J may be of any type: open or closed, 
half-open, bounded or unbounded. 


There is another version of the Inverse Function 
Rule with ‘strictly increasing’ replaced by ‘strictly 
decreasing’. 


The graph of f~!(z) is obtained by reflecting the 
graph of f(x) in the line y = z. 


Strategy D15 Inverse function 


To prove that a function f : I —> J, where I 
is an interval with endpoints a and b, has a 
continuous inverse function f~! : J — I, do 
the following. 

1. Show that f is strictly increasing on J. 

2. Show that f is continuous on I. 


3. Determine the endpoint c of J 


corresponding to the endpoint a of J as 
follows: 


e ifa € I, then c= f(a) and ce J 

e ifa ¢ I, then f(a,) > candc¢ J, 
where (an) is a monotonic sequence in I 
such that a, > a. 

Determine the endpoint d of J, 

corresponding to the endpoint b of J ina 

similar way. 


There is a corresponding version of this strategy 
for a function that is strictly decreasing. 
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17. Inverse functions 


Sketches of inverse functions are included in the 


Quick reference section on page 130. 
e nth root function For any positive 
integer n > 2, the function 
f(x) =x” (x € [0,00)), 
has a strictly increasing continuous inverse 
function 


f(a) = y2, 


with domain [0, 00) and image set [0, 00), called 


the nth root function. 
e log The function 
f(x) =e" (ER) 
has a strictly increasing continuous inverse 
function f7*, with domain (0,00) and image 
set R, called log (or In). 
For all x, y > 0, 


log(xy) = log x + log y. 
Inverse trigonometric functions 


e sin’! The function 
, T T 
f(x) = sing (z € [-S, =|) 
has a strictly increasing continuous inverse 
function, with domain [—1, 1] and image 
set |-7/2, 7/2], called sin”?. 


e cos * The function 


f(x) =cosx (a € [0,7]) 
has a strictly decreasing continuous inverse 
function, with domain [—1, 1] and image 
set [0,7], called cos~?. 


—1 The function 


Flu) = tanz 6 E€ (-55)) 


has a strictly increasing continuous inverse 
function, with domain R and image 
set (—7/2, 7/2), called tan™t. 


e tan 
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Inverse hyperbolic functions 


e sinh~! The function 
f(z) =sinha = į(e” —e7?) (ueR) 


has a strictly increasing continuous inverse 
function f~t, with domain R and image set R, 
called sinh™t. 


e cosh! The function 
f(x) = cosh = 4 (e +e") (x € [0,00)) 


has a strictly increasing continuous inverse 
function f7*, with domain [1, 00) and image 
set [0, 00), called cosh”?. 
e tanh” + The function 
sinh x 


f(x) = tanh z = (x € R) 
cosh x 


has a strictly increasing continuous inverse 
function f7*, with domain (—1,1) and image 
set R, called tanh?. 


18. Defining exponential functions 


If a > 0, then 


a? = et ea (x ER). 


Theorem D59 
(a) If a > 0, then the function 


r a? 20 eR) 


is continuous. 
(b) If a,b > 0 and z,y ER, then 


e a”b” = (ab)? 
e ata’ = att 


e (a?) = a™. 


Book E Group theory 2 


Unit El Cosets and 
normal subgroups 


2 Matrix groups 
Throughout, all matrix entries are real numbers. 


1. Standard matrix groups 


Theorem El 


The set of invertible 2 x 2 matrices is a group 
under matrix multiplication. 


The general linear group of degree 2, denoted 
by GL(2), is the group in Theorem El: 


cut) = ¿(e 4 -a,b,c,d E R, ad—be #0}. 


The following are subgroups of GL(2). 


e The special linear group of degree 2, 
denoted by SL(2), whose elements are all 2 x 2 
matrices with determinant 1: 


SL(2) = o A :a,b,c,d ER, ad — bc = ih 


e The group L of invertible 2 x 2 lower triangular 
matrices: 


a 0 
2= (o 2) :a,c,d E€ R, ad #0}. 


e The group U of invertible 2 x 2 upper triangular 
matrices: 


a b 
r= (5 a :a,b,d E€ R, ad #0}. 


e The group D of invertible 2 x 2 diagonal 
matrices: 


Dail D) :a,d E€ R, ad #0}. 


The general linear group of degree n, denoted 
by GL(n), is the group of all invertible n x n 
matrices under matrix multiplication. 

The special linear group of degree n, denoted 
by SL(n), is the group of all n x n matrices with 
determinant 1 under matrix multiplication. 


Unit El Cosets and normal subgroups 


4 Cosets 


2. Left cosets and right cosets 


Let H be a subgroup of a group G, and let g be an 
element of G. 


The left coset gH of H is given by 
gH ={gh:he H}. 

The right coset Hg of H is given by 
Hg = {hg : h € H}. 


These are the subsets of G obtained by composing 
each element of H with g on the left, or right, 
respectively. 


Theorems E2 and E4 


Let H be a subgroup of a group G. 
e The distinct left cosets of H in G form a 


partition of G. 
e The distinct right cosets of H in G form a 
partition of G. 


The partition of a group G into left cosets of a 
subgroup H may or may not be the same as the 
partition of G into right cosets of H. 


Propositions E3 and E5 Properties 
of left and right cosets 
Let H be a subgroup of a group G. 
(a) The element g lies in the left coset gH, 
for each g € G. 
(b) One of the left cosets of H in G is H 
itself. 


(c) Any two left cosets gH and g2H are 
either the same set or are disjoint. 

(d) If H is finite, then each left coset gH has 
the same number of elements as H. 


Properties (a)—(d) hold if ‘left’ is replaced by 
‘right’ throughout, and all left cosets ‘gH’ are 
replaced by right cosets ‘Hq’. 
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3. Cosets in infinite groups 


A subgroup of an infinite group G may have a 
finite number of left cosets in G, or infinitely 
many. The same holds for right cosets. 


4. Relationship between left and right 
cosets 


Theorem E6 
Let H be a subgroup of a group G. 


(a) If every element in the partition of G into 
left cosets of H is replaced by its inverse, 
then the result is the partition of G into 
right cosets of H. 


(b) The same is true if the words ‘left’ and 


‘right’ are interchanged. 


Corollary E7 


Let H be a subgroup of a group G. Then the 
number of distinct left cosets of H in G is 
equal to the number of distinct right cosets of 
H in G (or there may be infinitely many of 
each). 


Warning: Theorem E6 does not say that if H is 
a subgroup of a group G and g is an element of G 
then replacing every element of the left coset gH 
by its inverse gives the right coset Hg. This 
procedure gives a right coset of H in G, but it 
may not be the right coset Hg. 


5. Index of a subgroup in a group 


The index of a subgroup H in a group G is the 


number of distinct left (or right) cosets of H in G. 


We say that H has infinite index in G if H has 
infinitely many left (or right) cosets in G. 


Proposition E8 


Let H be a subgroup of a finite group G. 
Then the index of H in G is |G|/| H|. 
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6. Cosets in abelian groups 


If G is an abelian group, H is a subgroup of G 
and g is an element of G, then the left coset of H 
containing g is the same as the right coset of H 
containing g, and we refer to it as the coset of H 
containing g. 


7. Cosets in additive groups 


Let H be a subgroup of an additive group (G, +), 
and let g be an element of G. We denote the coset 
of H containing g by g + H; thus 


g+H={g+h:he H}. 


(Since G is abelian, the left cosets and the right 
cosets of H in G are the same.) 


8. Partitioning a finite group into left 
cosets or right cosets 


Strategies E1 and E2 


Finding cosets 


e To partition a finite group G into left 
cosets of a subgroup H, do the following. 
1. Take H as the first left coset. 

2. Choose any element g € G not yet 
assigned to a left coset and determine 
the left coset gH to which g belongs. 

3. Repeat step 2 until every element of G 
has been assigned to a left coset. 

e To partition a finite group G into right 
cosets of a subgroup H, follow the steps 
above with ‘left’ replaced by ‘right’ 
throughout, and the left coset gH replaced 
by the right coset Hg. 


These strategies can also be used if G is infinite 
and H has only finitely many left cosets and right 
cosets in G. 


Alternative: When the inverses of the elements 
of G and the left cosets of H in G are known, it is 
easier to use Theorem E6 than Strategy E2 to find 
the right cosets of H in G. Similarly, Theorem E6 
can be used to find the left cosets when the 
inverses and right cosets are known. 


5 Normal subgroups 


9. A subgroup H of a group G is a normal 
subgroup of G if the partition of G into left 
cosets of H is the same as the partition of G into 
right cosets of H. 


We also say that H is normal in G. 


Theorem E9 


The following are normal subgroups of any 
group G. 


(a) The trivial subgroup fe). 
(b) The whole group G. 


Theorem E10 


In an abelian group, every subgroup is 
normal. 


Theorem E11 


Every subgroup of index 2 in a group is a 
normal subgroup of the group. 


Corollary E12 


For each positive integer n, the alternating 
group A, is a normal subgroup of the 
symmetric group Sn. 


Proposition E13 


Let H be a subgroup of a group G. Then H 
is normal in G if and only if 


gH = Hg 


for each element g € G. 


Warning: The equation gH = Hg in 
Proposition E13 means that the sets gH and Hg 
contain the same elements; it does not mean that 
gh = hg for all h € H. 


If N is a normal subgroup of a group G, then 
since the left cosets of N are the same as the right 
cosets of N we refer to the cosets of N in G. 


Unit E2 Quotient groups and conjugacy 


Unit E2 Quotient groups 
and conjugacy 


1 Quotient groups 


1. Set composition in a group G is the binary 
operation - defined on the set of subsets of G by 


X-Y =[1y:1€X,y€Y) 
for all subsets X and Y of G. 


Thus, if X and Y are subsets of G then X + Y is 
the subset of G obtained by composing each 
element of X with each element of Y, in that 
order. 


Theorem E14 
Let N be a normal subgroup of a group G. 


Then, for all x, y € G, 
IN -yN = (ay)N. 


Theorem E14 tells us that, for a normal 

subgroup N, the set that we obtain by composing 
two cosets of N using set composition is always a 
coset of N. 


Theorem E15 
Let N be a normal subgroup of a group G. 


Then the set of cosets of N in G, with the 
binary operation of set composition, is a 


group. 


The group obtained in Theorem E15 is the 
quotient group of G by N (see 2. on page 96). 
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2. Quotient groups 


Let N be a normal subgroup of a group G. 
The quotient group or factor group G/N 
of G by N is the group of cosets of N in G 
under set composition. 

e Set composition of elements of G/N is 
given by 

zN -yN =(ay)N for each z, y € G. 
If G is additive, then this is written as 
(c+ N)+(y+N)=(x+y)+N 

for each zx, y € G. 

e The identity of G/N is N. 

e For each x € G, the inverse of £N is «~!N. 
If G is additive, the inverse of x + N is 
written as =x + N. 

e If G is finite, then |G/N| = |G|/|N|. 


Strategy E3 Identifying G/N 


To find a standard group isomorphic to a 
finite quotient group G/N where N isa 
normal subgroup of the group G, do the 
following. 

1. Determine the cosets of N in G, by 
repeatedly choosing an element x of G not 
yet assigned to a coset and finding the 
coset IN (or x + N, if G is additive) until 
all the elements of G have been assigned to 
cosets. 

. Construct the group table of G/N by 
composing each pair of cosets using the 


rule 
£N -yN = (ry)N 


(or 
(1 +N)+ (y +N)=(£+y)+N 


if G is additive). 
Make sure to use just one way to write 
each coset. 


. By inspection of the group table, and 
possibly using the tables of isomorphism 
classes in the Quick reference section on 
page 137, identify a standard group 
isomorphic to G/N. 
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Let N be a normal subgroup of a group G. 

e If G is abelian, then G/N is abelian. 

e If G is non-abelian, then G/N may be either 
abelian or non-abelian. 

3. Quotient groups of (Z, +) 


Since all subgroups of an abelian group are 
normal, each subgroup nZ of Z is normal. 


Theorem E16 


For each integer n > 2, the quotient group 
Z/nZ is isomorphic to the group Zn, and the 


following mapping is an isomorphism: 
Q: Z/nZ — Zn 
a+nZ+->a, fora=0,1,2,...,n—1. 


Thus each quotient group Z/nZ has finite order n. 


4. The fractional part, frac(x), of a real 
number x is 


frac(x) = x — |z], 
where |x| is the integer part of x (the largest 


integer that is less than or equal to x). Thus 
frac(a) is always a number in the interval [0, 1). 


The binary operation +1 is defined on [0,1) by 
x +1 y = frac(x + y). 

The interval [0,1) is a group under +}. 

5. The quotient group R/Z 


We can express any coset y + Z of Z in R in the 
form z + Z where x € [0,1) by taking x = frac(y). 


Theorem E17 


The quotient group R/Z is isomorphic to the 
group ({0,1),+1), and the following mapping 


is an isomorphism: 
@:R/Z — (0,1) 
z+Z+-—+2, for x € (0,1). 


Thus the group R/Z is infinite. It is given by 
R/Z = {x+Z:2€ [0,1)}, 
with binary operation 


(x +Z)+(y+Z) =(et+1y) +2. 
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2 Conjugacy The conjugacy classes of a group G are the 
distinct conjugacy classes of the elements of G. 
6. An element y in a group G is a conjugate 


in G of an element x in G if there exists an 


Proposition E24 


element g in G such that 
1 Let G be a group with identity element e. 


Y =Y79 . i ; 
Then {e} is a conjugacy class of G. 
We say that: 
e g conjugates x to y 
e y is the conjugate of x by g Theorem E25 
e g is a conjugating element ; 
. i In an abelian group, each conjugacy class 
e x and y are conjugates, or conjugate 


elements, or they are conjugate in G. e science 


Note that qa conjugates y to x. 


Lemma E20 Proposition E26 


Let H be a subgroup of a group G, and let x 
and y be elements of H. 


Let x, y and g be elements of a group, and 
suppose that y = gxg”!. Then y” = gx"g” 
for all positive integers n. 


1 
(a) If x and y are conjugate in H, then they 


are also conjugate in G. 
(b) If z and y are conjugate in G, then they 
Theorem E21 may or may not be conjugate in H. 
Let x and y be conjugate elements in a 
group G. Then either x and y have the same 
finite order, or they both have infinite order. 


Theorem E27 


In any finite group G, the number of elements 
in each conjugacy class divides the order of G. 


Warning: The converse of Theorem E21 is not 
true: group elements of the same order are not 
necessarily conjugate. 8. The group S(A) has three conjugacy classes: 


7. Conjugacy classes fe), {a,b}, {r,s,t}. 
Let G be a group, and let x € G. The conjugacy 


class of x in G is the set of all elements of G that 
are conjugate to x. That is, it is the set {e}, {b}, {a,c}, {r,t}, {s,u}. 


The group S(O) has five conjugacy classes: 


{gag7': g € G}. 9. Conjugacy of permutations is covered in 25. 
to 30. on pages 47 and 48. 


Theorem E22 
Let G be a group. Then the relation ‘is a 


conjugate of’ is an equivalence relation on the 
set of elements of G. 


Corollary E23 


In any group, the distinct conjugacy classes 
form a partition of the group. 
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3 Normal subgroups and 12. Conjugate subgroups and normality 
conjugacy Theorem E31 
10. Checking the normality of a subgroup Let G be a group and let H be a subgroup 


means checking whether it is normal. of G. Then H is a normal subgroup of G if 
and only if 

Theorem E28 gHg*=H foreach ge G. 
Let G be a group and let A be a subgroup 


of G. Then A is a normal subgroup of G if 13. Normal subgroups and conjugacy 
and only if classes 


ghg* € H 


Theorem E32 


Let G be a group and let H be a subgroup 
of G. Then H is a normal subgroup of G if 
and only if 


for each h € H and each g € G. 


Theorem E28 can also be expressed as follows. 


Let G be a group and let H be a subgroup of G. 
Then H is a normal subgroup of G if and only if 


gHg*CH for each g e G. 


H is a union of conjugacy classes of G. 


: Warning: The condition in Theorem E32 that H 
11. Conjugate subgroups is a subgroup of G is essential. 
Let H be a subgroup of a group G, and let g be 


any element of G. Then Strategy E5 Finding normal subgroups 


gHg—' denotes the set (ghg”* : h € H}. using conjugacy clases 
That is, gHg~' is the set obtained by conjugating To find all the normal subgroups of a finite 
every element of H by the element g. group G, do the following. 
. Partition G into conjugacy classes. 


Theorem E29 


Let H be a subgroup of a group G and let g 
be any element of G. Then the subset gHg7! 
is a subgroup of G. 


. Find all the unions of conjugacy classes 


that include the class {e} and whose total 
number of elements is a divisor of |G]. 


. Determine whether each such union of 
conjugacy classes is a subgroup of G: any 
union that is a subgroup is a normal 
subgroup of G. 


We say that: 
i 


e gHg ~ is the conjugate subgroup of H by y 


e gHg * is a conjugate subgroup of H in G 14. The normal subgroups of S(A) are 
e y conjugates H to gHg”' 
e H and gHg! are conjugate subgroups in G. te}, {e,4,0}, S(A). 
Note that g`! conjugates gHg~! to H. The normal subgroups of S(O) are 
{e}, {e,b}, {e,a,b,c}, 


Proposition E30 {e,b r,t}, {e,b,s,u}, S(O). 
Let H and K be conjugate subgroups in a The normal subgroups of S4 are 


group G. Then either H and K have the same {e}, fe, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, 
finite order, or they both have infinite order. A s 
4; 4. 
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15. Characterising normality 


A property characterises normal subgroups if 
every normal subgroup has this property and every 
subgroup with this property is a normal subgroup. 


Theorem E33 below collects together 
Proposition E13 and Theorems E28, E31 and E32. 


Theorem E33 


A subgroup H of a group G is normal in G if 
and only if it has any one of the following 
equivalent properties. 


Property A gH = Hg for each g € G. 


ghg7! € H for each h € H 
and each g € G. 


Property C gHg~! =H for each g € G. 
Property D H is a union of conjugacy 
classes of G. 


Property B 


Any of the conditions in Theorem E33 can be used 
to prove that a subgroup is normal, or show that 
it is not normal. 


Property A is useful when we know the 
partition into left cosets and the partition into 
right cosets. 

Property B is useful in many general situations. 
e To show that a subgroup H of a group G is 

normal in G, take a general element g € G 
and a general element h € H, and show that 
the conjugate ghg~! belongs to H. 

e To show that a subgroup H of a group G is 
not normal in G, find one element h € H and 
one element g € G such that the 
conjugate ghg”* does not belong to H. 

Property C may be helpful when we have 
knowledge about conjugate subgroups. 

Property D is particularly useful when we know 
the conjugacy classes. However, remember that 
not every union of conjugacy classes of G is a 
normal subgroup of G, only those that are also 
subgroups of G. 


Unit E2 Quotient groups and conjugacy 


4 Conjugacy in symmetry 
groups 
16. Conjugate symmetries 


e Two symmetries x and y of a figure F are 
conjugate in S(F) if and only if there is a 
symmetry g of F that transforms a diagram 
illustrating x into a diagram illustrating y 
(when we ignore any labels). 


e If such asymmetry g exists, then y = go xo g7}. 


For example, the symmetries a and c of the square 
are conjugate in S(O) because the symmetry r of 
the square transforms a diagram illustrating a into 
a diagram illustrating c. 


Thus c=roaor!. 


By the first bullet point above, conjugate 
symmetries are those of the same geometric type. 


17. The fixed point set, Fix g, of a symmetry g 
of a figure F is 


Fixg = {P € F : g(P) = P}. 


Theorem E34 


Let x and g be symmetries of a figure F’, and 
let the fixed point set of x be L. Then the 
fixed point set of g o x o g7} is g(L). 


Thus if x and y are symmetries of a figure F, then 
any symmetry g of F that does not map Fix x 

to Fixy does not conjugate x to y. 

Warning: If a symmetry g maps Fix x to Fixy 
then there is no guarantee that it conjugates x 

to y: it may or may not do this. 


If there is no symmetry in S(F) that maps Fix x 
to Fix y, then x and y are not conjugate. 


Theorem E35 


A direct symmetry cannot be conjugate to an 
indirect symmetry in a symmetry group. 
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18. If we represent a symmetry group S(F) as a 
subgroup of a symmetric group Sn (by labelling 
the vertices of F, for example), then any 
symmetries that are conjugate in S(F’) must also 
be conjugate in Sn, and hence must have the same 
cycle structure. 


Strategy E6 Finding conjugacy 
classes 


To determine the conjugacy classes of a finite 
symmetry group S(F), do the following. 


1. Represent S(F) as a group of 
permutations. 

. Partition S(F) by cycle structure. 

3. For each cycle structure class, determine 
whether all the symmetries in the class are 
conjugate to each other, or whether the 
class splits into two or more conjugacy 
classes. 

The following can help you do this. 


e Two symmetries x and y are conjugate 
in S(F) if and only if there is a 
symmetry g of F that transforms a 
diagram illustrating x into a diagram 
illustrating y. 

If x and y are conjugate in a 

subgroup H of S(F), then they are also 
conjugate in S(F). 

If x and y are not conjugate in a 

group G that has S(F) as a subgroup, 
then they are not conjugate in S(F’). 

If the fixed point set of x is L, then the 
fixed point set of g o x og”?! is g(L). 

A direct symmetry and an indirect 
symmetry are not conjugate. 

Renaming method: To find the 
conjugate go xo g7}, replace each 
symbol in the cycle form of x by its 
image under g. 

The number of elements in each 
conjugacy class divides |S(F)]|. 
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Unit E3 Homomorphisms 


Throughout, eg and ey denote the identity 
elements of groups (G,o) and (H,x), respectively. 


1 Isomorphisms and 
homomorphisms 


1. Homomorphisms 


A homomorphism is a mapping 
$: (G,o) — (H,x), where (G,o) and (H, x) 
are groups, that has the property 


for all x, y € G. 


plz o y) = O(a) * p(y) 
This property is the homomorphism 
property. 


The homomorphism property means that 
composites are preserved under a homomorphism. 


(G, 0) (H, x) 
$ 
L, Y = (2), oly) 
p(x) * p(y) 
TOY 7 d(x o y) 


2. An isomorphism is a homomorphism that is 
one-to-one and onto. 


Proposition E36 
Let (G,o) and (H, x) be groups. If ¢ is an 


isomorphism from (G,o) to (H,x), then $7? 
is an isomorphism from (H,x) to (G, o). 


An automorphism of a group is an isomorphism 
from the group to itself. 

3. Let k be any integer and let n be any integer 
with n > 2. 

The least residue of k modulo n is the integer 
in Z, that is congruent to k modulo n; it is the 
remainder of k on division by n. We denote it 

by k (mod n): 


Proposition E37 


For any integer n > 2, the following mapping 
is a homomorphism: 


o: (Z, +) — (Zn, +n) 
k— K (mod n): 


4. Trivial homomorphism 


Proposition E38 


Let (G, o) and (H, x) be groups. Then the 
following mapping is a homomorphism: 


$: (G,0) — (H, x) 
TH ep. 


The homomorphism in Proposition E38 is the 
trivial homomorphism; it maps every element 
of (G,o) to the identity element of (H, x). 


5. Linear transformations as 
homomorphisms 


Proposition E39 
Let V and W be vector spaces and let 


t: V —W be a linear transformation. Then 


t is a homomorphism from the group (V, +) 
to the group (W, +). 


Thus some mappings can immediately be 
recognised as homomorphisms. For example, any 
mapping from R? to R? of the form 


(x,y) — (ax + by, cx + dy), 


where a,b,c,d € R, is a homomorphism from 
(R?, +) to (R?, +), because it has a matrix 
representation and so is a linear transformation. 
(See Theorem C41 in 10. on page 66.) 
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6. Properties of homomorphisms 

An isomorphism preserves all of the structure of 
its domain group. 

A homomorphism preserves some of the structure 
of its domain group. 

As detailed below, all homomorphisms preserve: 

e composites of any finite number of elements 

e the identity e inverses 


e powers e conjugates. 


Let $ : (G,o) — (H, x) be a homomorphism. 


Proposition E40 


If £1, £2,..., £n are any elements of G, then 
(x1 0 LQ0+-+ O Lp) 
= (x1) * p(x2) * +++ * (tn). 
Proposition E41 
plea) = ex. 
Proposition E42 
For all x € G, 


o(a~*) = (ó(2)) 7”. 


Proposition E43 
For all x € G and all n € Z, 


plz”) = (p(1))". 


Proposition E46 

For all x,y € G, if x and y are conjugate 
in (G, o), then p(x) and ¢(y) are conjugate 
in (H, x). 


Homomorphisms do not in general preserve the 
orders of elements. 


Theorem E44 
Let ¢ : (G,o) — (H, x) be a homomorphism 


and let x be an element of finite order in G. 
Then the order of ¢(x) is finite and divides 
the order of x. 
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2 Images and kernels 
7. Image of a homomorphism 
Let $ : (G,o) — (H,x) be a homomorphism. The 
image (or image set) of ¢ is 

Imọ = {9(g9) : y € G}. 
It is the set of elements of the codomain group H 
that are images of elements in the domain 


group G. 
NO E - 


A homomorphism @¢ : H,x) is onto if 


and only if Im@ = : 


Theorem E47 


Let $ : (G,o) — (H,x) be a homomorphism. 
Then Im ¢ is a subgroup of (H, x). 


8. Further properties of homomorphisms 


Proposition E48 

Let 6: (G,o) —> (H, x) be a one-to-one 
homomorphism, and let 0 be the mapping 
obtained from ¢ by shrinking the codomain 
of ¢ to its subgroup Im @. Then 0 is an 
isomorphism, and hence (G,o) = Im 4. 


Thus every one-to-one homomorphism ¢ preserves 
all of the structure of the domain group, in the 
subgroup Im @ of the codomain group. 


Theorem E49 

Let ¢ : (G,o) — (H, *) be a homomorphism. 

(a) If (G,o) is abelian, then (Im ¢, *) is 
abelian. 

(b) If (G, o) is cyclic, then (Im ¢, *) is cyclic. 


In particular, if (G,o) is generated by a, 
then (Im ¢, *) is generated by ¿(a). 
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9. Kernel of a homomorphism 


Let $: (G,o) — 


kernel of ¢ is 


Keró=(9EG: p(9) = en). 


It is the set of elements of the domain group G 
that are mapped by ¢ to ep. 


(H,*) be a homomorphism. The 


(G, 0) 


a 
JE 


The definition of a kernel, unlike the definition of 
an image, applies only to homomorphisms, not to 
functions in general. This is because the codomain 
of a function need not contain an identity element. 


(H, x) 
Ker @ 


Theorems E50 and E51 
Let ¢ : (G 
Then Ker ¢ is a normal subgroup of (G, o). 


,°) — (H, *) be a homomorphism. 


Theorem E52 


Let ¢ : (G,o) — (H, *) be a homomorphism. 
Then ¢ is one-to-one if and only if 
Ker ¢ = {ec}. 


10. Kernels of homomorphisms and normal 
subgroups 


Theorem E53 
Let K be a subgroup of a group (G,o). Then 


K is normal in G if and only if K is the kernel 
of a homomorphism with domain group G. 


Thus kernels of homomorphisms and normal 
subgroups are essentially the same objects. 


3 The First Isomorphism 
Theorem 


11. Cosets of the kernel of a 
homomorphism 


The kernel of a homomorphism ¢ is a normal 
subgroup of the domain group (G, 0), so its left 
cosets are the same as its right cosets and the 
quotient group G/ Ker ¢ can be formed. 


Theorem E54 


Let 6: (G,o) — (H,x) be a homomorphism, 
and let x and y be any elements of G. Then 


x and y have the same image under ¢ 
if and only if 


x and y lie in the same coset of Ker ¢ in G. 


In other words, the cosets of Ker ¢ in (G, o) are 
the sets of elements of G with the same image 
under @. 


12. The First Isomorphism Theorem 


The First Isomorphism Theorem says that for any 
homomorphism ¢, with domain group G, the 
quotient group G/ Ker ¢ is isomorphic to the 
image group Im @. 


Theorem E55 First Isomorphism 
Theorem 

Let 6: (G,o) — (H, x) be a homomorphism. 

Then the mapping 


Ff:G/Kero — mo 
x Ker d+ > (x) 


is an isomorphism, so 


G/Ker¢ S Im 4. 


The First Isomorphism Theorem can sometimes 
be used to help identify a familiar, standard group 
isomorphic to a quotient group G/ Ker ¢, where ¢ 
is a homomorphism. 


Unit E3 Homomorphisms 


The isomorphism f in the First Isomorphism 
Theorem has domain the set of cosets of Ker ¢ in 
(G, 0), codomain Im ¢, and rule 


coset +—> element of Im ¢ that is the image 


under ¢ of each element of the coset. 


isomorphism 


The elements of the domain of f are whole cosets, 
not individual elements of (G, o). 


Corollary E56 


Let (G,o) be a finite group and let 
@: (G,o) — (H,x) be a homomorphism. 


Then 
[Ker d| x [Im 4] = |G]. 


If (G,o) and (H, x) are finite groups, then the 
following numerical relationships hold for any 
homomorphism ¢ : (Go) —> (H, x): 


|Ker(@)| divides |G| 
|Im(@)| divides || 
|Im(@)| divides |G| 


In particular, the order of Im ¢ is a common factor 
of the orders of the domain group (G,o) and the 
codomain group (H, *). 


(by Lagrange’s Theorem) 
(by Lagrange’s Theorem) 
(by Corollary E56). 
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Unit E4 Group actions 


1 Group actions 


1. Group action definition 


Let (G,o) be a group with identity element e, 
and let X be a set. Suppose that for each 
element g in G and each element x in X an 
object g A x is defined in some way. 


The effect A of (G,o) on X is a group action 
(or simply an action) of (G,o) on X if the 
following three group action axioms hold. 


GA1 Closure For each y € G and each 
TeX, 


gAxeX. 
GA2 Identity For each z € X, 
eNT=T. 


GA3 Composition For all g,h € G and all 
TeX, 


gA(hAx)=(goh)Az. 


We also say that the group (G,o) acts on X. 


2. A permutation of a set X is a one-to-one 
and onto function from X to itself. (The set X 
may be either finite or infinite.) 


Such a function permutes the elements of X. 


Theorem E57 
Let A be an action of a group G on a set X. 
Then A has the following properties. 


(a) For each g in G, if x and y are elements 
of X such that gA x= g ^y, then x = y. 


(b) For each g in G, if y is an element of X 
then there is an element x of X such that 
gAr=y. 


Parts (a) and (b) of Theorem E57 say that the 
effect of each element of the group G on the 
elements of the set X is that of a one-to-one and 
onto function, respectively, from X to itself. 
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Thus in an action of a group G on a set X, each 
group element of G behaves as a permutation of 
the set X. However, two or more elements of G 
may behave like the same permutation. 


A faithful group action is an action of a group G 
on a set X in which no two elements of G behave 
as the same permutation of X. 


3. The natural action of a group G on a set X, 
or simply the action of G on X, is the obvious 
mapping effect of the elements of G on the 
elements of X, if there is one. For example, the 
group S3 has a natural action on the set {1, 2, 3}, 
and the group S(O) has a natural action on the 
set of vertices of the square. 


We also say that G acts on X in the natural 
way. 


Proposition E58 


For any natural number n, the usual mapping 
effect of the group Sn or any of its subgroups 
on the set (1,2,...,n) of symbols is a group 
action. 


4. Actions of groups of symmetries on sets 
of figures 


A group of symmetries of a figure F is the 
symmetry group of F or one of its subgroups. 

The image g(A) of a figure A under an isometry g 
(such as a symmetry) is the set of points 


{g(P): P € A). 


Theorem E59 


Let G be a group of symmetries of a figure F 
in R?, and let X be a set of figures in R?. Let 
A be defined by 


g\A=g(A), 
for all y € G and all A € X. Then Aisa 


group action if and only if axiom GA1 
(closure) holds. 


The same is true if R? is replaced by R°. 


5. Actions of groups of symmetries on sets 
of coloured figures 


A coloured figure is a figure whose points have 
each been assigned a colour from a finite set of 
colours. 


The image g(A) of a coloured figure A under an 
isometry g (such as a symmetry) is the coloured 
figure whose points are those in the set 

{g(P): P € A}, with each point g(P) in g(A) 
assigned the same colour as the corresponding 
point P in A. 


Theorem E59 holds if ‘figures’ is replaced by 
‘coloured figures’, as follows. 


Theorem E60 


Let G be a group of symmetries of a figure F 
in R?, and let X be a set of coloured figures 
in R?. Let A be defined by 


g\ A= g(A), 


for all g € G and all A € X. Then A isa 
group action if and only if axiom GA1 
(closure) holds. 


The same is true if R? is replaced by R?. 


6. A group action arising from matrix 
multiplication 


Theorem E61 
Let A be defined by 
(: 2) A (x,y) = (ax + by, cx + dy) 


b 
d 


for all matrices p 


) € GL(2) and all 


points (x,y) € R?. 


Then A is an action of the group GL(2) on 
the set R?. 


Unit E4 Group actions 


2 Orbits and stabilisers 
7. Orbits 


Let A be an action of a group G on a set X, and 
let x be an element of X. The orbit of x under A, 
denoted by Orb z, is 


Orbz = {gAz: ge CG}. 


That is, Orb zx is the set of elements of X that can 
be obtained from x under the action of G. It is 
the subset of X that we obtain if we act on x 
using each element of G in turn. 


Orbz 


We have: if y = g A x, then x = g7} A y. 


Theorem E62 


Let A be an action of a group G on a set X. 
Then the distinct orbits of the elements of X 
under ^ form a partition of X. 


The orbits of a group action are the distinct 
orbits of elements under the group action. 


Strategy E7 Finding orbits 
To find the orbits of an action of a group G 
on a finite set X, do the following. 


. Choose any element x of X, and find its 
orbit. 


. Choose any element of X not yet assigned 
to an orbit, and find its orbit. 


. Repeat step 2 until X is partitioned. 


Strategy E7 can be used to find the orbits of an 
action of a group G on an infinite set X when 
there are only finitely many orbits. 


105 


Handbook 


8. Orbits of group actions on R? 


The orbits of a group action can be described 
geometrically when the set on which the group 
acts is the plane R?. Such a group action may 
have only finitely many orbits, or infinitely many. 


To find the orbits of a group action on R? it is 
helpful to do the following. 


1. Start by finding an expression for the orbit of a 
general point (a, y) in R? under the group 
action. 

2. Use this expression to find the orbits of a few 
particular points, to try to get an idea of how 
the plane might split up into orbits. 

3. Use algebraic or geometric arguments to 
confirm what you think. 


Keep in mind that the orbits partition the plane, 
so to find more orbits, you need to consider points 
that do not lie in the orbits that you have already 
found. 


Orbits of group actions on C can be found in a 
similar way and also be described geometrically. 


9. Stabilisers 


Let A be an action of a group G on a set X, and 
let x be an element of X. The stabiliser of x 
under A, denoted by Stab x, is given by 


Stabr=J(9 EG :9Ar=x) 


That is, Stab x is the set of elements of G that 
fix x (map «z to itself). 


G Stab x 


Theorem E63 


Let A be an action of a group G on a set X. 
Then, for each element x of X, the set Stab a 


is a subgroup of G. 
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3 The Orbit—Stabiliser 
Theorem 


10. For actions of finite groups we have the 
following results. 


Theorem E64 Orbit—Stabiliser 
Theorem 


Suppose that the finite group G acts on the 
set X. Then, for each element x in X, 


¡Orb z| x |Stab z| = |G]. 


Corollary E65 


Suppose that the finite group G acts on the 
set X. Then, for each element x in X, the 
number of elements in Orb x divides the order 
of G. 


11. Left cosets of stabilisers 


The following theorem and corollary are used to 
prove the Orbit—Stabiliser Theorem. 


Theorem E66 


Let A be an action of a group G on a set X, 
let x be an element of X and let g and h be 
elements of G. Then 


gAr=hAzx 


if and only if 


g and h lie in the same left coset of Stab zx. 


Thus, if G is a group acting on a set X and x is 
an element of X, then the left cosets of Stab x 
in G are the sets of elements of G that map x to 
the same element of X. 


G 
gStab x r y Stab x 


Orbzx 
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13. Groups acting on groups: Lagrange's 
Corollary E67 Theorem 


Let A be an action of a group G on a set X Let H be a subgroup of a group G, and let A be 
and let x be an element of X. Then the defined by 


mapping f given by 


hAg=hg 
f : set of left cosets of Stab x —> Orb x 


gStabe-ogAx for all h € H and g € G. Then A is an action of H 


on G. 


is one-to-one and onto. Its orbits are the right cosets of H in G. 


Thus another special case of Corollary E65 is 
Stab x Lagrange’s Theorem: if H is a subgroup of a finite 
group G, then the order of H divides the order 
of G. 


14. Groups acting on groups: 
homomorphisms 


Let $: (G,o) —> (H, x) be a homomorphism, and 
let A be defined by 
gNh= (9) x h, 


for all y € Gand h € H. Then A is an action 
of the group (G, o) on the group (H, *). 

If G is finite, then applying the Orbit-Stabiliser 
Theorem to this group action with x = ey gives 


[Im ¿| x [Ker ¢| = |G], 


left cosets 
of Stab x 


12. Groups acting on groups: conjugation 


Proposition E68 


Let G be a group, and let A be defined by 


g Ag = grg! which is the conclusion of Corollary E56. 


Thus Corollary E56 is a special case of the 
Orbit-Stabiliser Theorem. 


for all g,x € G. Then ^ is an action of G on 
itself. 


Thus conjugation is an action of a group on itself. 
Its orbits are the conjugacy classes of G, so a 
special case of Corollary E65 is Theorem E27: the 
number of elements in a conjugacy class divides 
the order of the group. 
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4 The Counting Theorem 
15. Multiplication Principle 


If we have k successive choices to make, and the 
ith choice involves choosing from n; options, for 
each į = 1,2,...,k, then the total number of ways 
to make all k choices is 


ny x N2 Xu": X Nk. 
16. Fixed sets 


Let A be an action of a group G on a set X, and 
let g be an element of G. The fixed set of g 
under A, denoted by Fix g, is given by 


Fixg={xrEX:g^Axz=rT}. 


That is, Fixg is the set of elements of X that are 
fixed by g. 


G 


It is an element of the group G, not an element of 
the set X, that has a fixed set. 


e The fixed set of an element g in G is the set of 
all elements of X that are fixed by g. 


e The stabiliser of an element x in X is the set of 
all elements of G that fix z. 


Fix g is a subset of X, whereas Stab x is a 
subgroup of G. 


The fixed point set of a symmetry g of a figure F 
is the set of all points of F that are fixed by g 
(see 17. on page 99). This is a special case of a 
fixed set; it is the fixed set of g under the natural 
action of the symmetry group S(F) on the set of 
points in F. 
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17. Permutation method for finding |Fix g| 


Let F be a figure with a finite number of parts, 
each of which is to be coloured with one of c 
colours, and let X be the set of all coloured figures 
that can be obtained by colouring F in this way. 
Let G be a group of symmetries of F that acts 

on X, and let g be asymmetry in G. To find the 
size of Fix g, do the following. 


1. Label each of the parts of F to be coloured, 
using a different symbol for each of them. 

2. Hence express the effect of g on these parts as 
a permutation in cycle form, including 
any 1-cycles. 

3. Then |Fix g| = c where k is the number of 
cycles of the permutation, including 
any 1-cycles. 


18. The Counting Theorem 


Theorem E69 Counting Theorem 


Let A be an action of a finite group G ona 
finite set X. Then the number of orbits of A 
is given by 


That is, to find the number of orbits of an action 
of a finite group G on a finite set X, determine 
the number [Fix g| for each element g in G, add up 
all these numbers, and divide the total by the 
order of G. 


19. A counting problem is a problem that asks 
how many objects there are of a particular type. 


A counting problem involving symmetry can often 
be solved by interpreting it as a problem of finding 
the number of orbits of the action of a group of 
symmetries on a set of coloured figures. We can 
use the Counting Theorem to determine the 
number of orbits. 


The working often can be simplified by noting 
that symmetries of the same geometric type (that 
is, symmetries that are conjugate in S(F)) fix the 
same number of coloured figures. 


Book F Analysis 2 
Unit F1 Limits 


1 Limits of functions 


1. 


A punctured neighbourhood of a point c 
is a bounded open interval with midpoint c, from 


which the point c itself has been removed: 


N,(c) =(c—r,cjU(c,c+r), where r >0, 


is a punctured neighbourhood of length 2r with 


centre c. 
N,(c) 
— o e) 
c-r C CT 


2. Sequential definition of a limit 


Let f be a function defined on a punctured 
neighbourhood N, (c) of c. Then f(x) tends 
to the limit l as x tends to c if l € R and 


for each sequence (£n) in N,(c) such 
that £n > C, 
Fin) > l. 


We write 


lim f(x)=l or 


TC 


f(z)>lasz >c. 


Strategy F1 Showing a limit does 
not exist 

Let f be a real function defined on a 

punctured neighbourhood N, (c) of c. 

To show that lim f(x) does not exist, either: 


e find two sequences (xn) and (yn) in N,(c) 
which tend to c, such that (f(x,)) and 
(f(Un)) have different limits, or 


e find a sequence (£n) in N,(c) which tends 


to c such that f(x.) —> œ or f(£n) +-—oo. 


Theorem F1 


. sing 
lim — 
z>0 zx 


Unit F1 Limits 


3. Limits and continuity 


Theorem F2 


Let f be a function defined on an open 
interval J, with c € J. Then 


f is continuous at c 
if and only if 
lim f(x) = f(e). 


4. Rules for limits 


Theorem F3 Combination Rules 


If lim f(x) = l and lim g(x) = m, then: 
TC -e 

Sum Rule lim (f(x) +g(x))=l+m 

Multiple Rule lim Af (x) = Al, for AER 

Product Rule lim f(x)g(x) = lm 


lim /(0)/9(2) = Um, 
provided that m Æ 0. 


Quotient Rule 


Theorem F4 Composition Rule 
If lim f(x) = l and lim g(x) = L, then 
zt=>C rl 
lim g(f(x)) = L, 


TC 
provided that 


either f(x) 4 1, for all z in some N,(c), 
where r > 0, 


g is defined at l and continuous at J. 


Theorem F5 Squeeze Rule 

Let f, g and h be functions defined on N,.(c), 
for some r > 0. If 

(a) g(x) < f(x) < A(z), for x € Nr(c) 

(b) lim g(x) = lim h(x) =1, 


lim f(x) =1, 


then 
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5. Evaluating the limit of a composition 


Strategy F2 Evaluating a limit - 
Composition Rule 
To use the Composition Rule to evaluate a 
limit of a function of the form g(f(x)) as 
x — c, do the following. 
1. Substitute u = f(x) and show that, for 
some l, 


u=f(1)>l as oc. 
. Show that, for some L, 
gu) >L asu l. 


. Check that one of the provisos holds. 
. Deduce that 


fi) > L asz >c. 


Warning: Be careful not to omit step 3 from 
Strategy F2. 


6. Basic limits 


Theorem F6 Three basic limits 


7. One-sided limits 


Let f be a function defined on (c,c + r), for 
some r > 0. Then f(x) tends to the limit l as x 
tends to c from the right if 


for each sequence (zn) in (c,c + r) such that 
In > C, 


Fin) => 1. 
We write 


lim. Fe) =1 or 


f(z) ol asz —> ct. 
a>c+ 
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A limit as x tends to c from the left is defined 
similarly, with (c,c + r) replaced by (c — r, c). We 
write 


lim f(z)=l or flii>olasx>oc. 


z>c 

We refer to 
lim f(z) and lim f(x) 
act uc 


as right and left limits, respectively. 


Sometimes both right and left limits exist but are 
different. 


8. Results for one-sided limits 


Theorem F7 


Let the function f be defined on N,(c), for 
some r > 0. Then 


lim f(x) =1 
if and only if 
lim f(z) = lim f(a) =. 


act Loc 


Versions of the Combination, Composition and 
Squeeze Rules, and Strategy F2, can also be used 
to determine one-sided limits: here lim,_,. and 
N,(c) are replaced by lim,_,.+ and (c,c+ 1), or 
limpe- and (c— r,c), respectively. 

A one-sided limit can be shown not to exist using 
a version of Strategy F1 where the sequences (£n) 
and (yn) are chosen to tend to c from the right, or 
left, as appropriate. 


Theorem F8 is a version of Theorem F2 for 
one-sided limits. There is an analogous version for 
left, limits. 


Theorem F8 


Let f be a function whose domain is an 
interval J with a finite left-hand endpoint c 
that lies in /. Then 


f is continuous at c 


if and only if 


lim f(x) = f(c). 


act 


2 Asymptotic behaviour of 
functions 


9. Functions tending to plus/minus infinity 


Let the function f be defined on N,(c), for some 
r>0. Then f(x) tends to oo as g tends to c if 


for each sequence (£n) in N;(c) such that 
Tn > C, 
f (an) > œ. 


We write 
f(z) >0 as t> c. 


The statements 
f(x) >-—0 asz >c, 
f(x) > œ (or —00) asx > ct (orc), 


are defined in a similar way, with oo replaced 
by —oo and N,(c) replaced by the open interval 
(c,c +r) or (c— r,c), where r > 0, as appropriate. 


Warning: Do not use the notation 
lim f(x) = co 
LE 


as this can give the misleading impression that 
infinity can be treated in a similar way to a finite 
limit. 


10. Rules for functions tending to infinity 


Theorem F9 Reciprocal Rule 


If the function f satisfies the conditions 
1. f(x) > 0 for x € N,(c), for some r > 0 
2. f(1)>0as z >c, 


then 


—T >?00 as TS. 


f(x) 


The Reciprocal Rule can be applied with xz > c 
replaced by x > ct, or x > c, and N,(c) 
replaced by (c,c +r) and (c— r,c), as appropriate. 


There are also versions of the Combination Rules 
and the Squeeze Rule for functions which tend to 
oo (or —00) as x tends to c, ct or c”, for example: 


Unit F1 Limits 


Theorem F10 Combination Rules 


If f(z) > œ as z > c and g(x) > co as 


x — c, then: 
Sum Rule f(z) + 9(z) > œ as z > c 


Multiple Rule 


Af(x) > œ as z > c, 
for A € Rt 


Product Rule f(x)g(x)— œ as z > c. 


11. Let the function f be defined on (R, 00), for 
some real number R. Then f(x) tends tol as x 
tends to oo if 


for each sequence (zn) in (R,o0o) such that 
In > 00, 
f(tn) > l. 


In this case, we write 
f(t) 91 as x —> o. 
The statement 
f(z) 31 as £ > —œ 


is defined similarly, with oo replaced by —oo, and 
(R, co) replaced by (—co, R). 


The letter / denotes either a real number or one of 
the symbols oo or —oo. 


When / is a real number, we also use the notations 


Lim f(x)=l1 and „ïm f(x) =i 


Theorem F11 Basic asymptotic 


behaviour 
If n € N, then 


e r” — œ as T — œ 


1 
e — >0aszx > œ. 
qn 


12. The dominant term of a quotient involving 
the real variable x is the term in x (without its 
coefficient) which eventually has the largest 
absolute value. 


This is similar to determining the behaviour of 
sequences defined by quotients using Strategy D7 
(see 13. on page 80). 
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13. Rules for functions as x > oo 


Versions of the Reciprocal Rule and the 
Combination Rules can be used to obtain results 
about the behaviour of functions as 7 —> 00 

or —oo: here c and N,(c) are replaced by oo and 
(R, 00), or —oo and (—oo, R), respectively. 


Theorem F12 Squeeze Rule 


Let f, g and h be functions defined on some 
interval (R, 00). 
(a) If f, g and h satisfy the conditions 

1. g(x) < f(x) < h(x), for x € (R, ov) 


2. Lim g(x) = Lima h(x)=1l 


where l is a real number, then 
Lim FE) =1. 
(b) If f and g satisfy the conditions 
1. f(x) > g(x), for x € (R, co) 
2. g(x) 4 co as z > CO 
then 
f(x) 3 œ as 1 > 00. 


14. Asymptotic behaviour: standard results 


Theorem F13 


(a) If ao,a1,...,@n—1 € R, where n € N, and 


p(t) = z” +an_12" 1 +--+ ax + ao, 
then 


e p(x)—= œ asz — oœ 


1 
— >0 arom. 


p(z) 
(b) For each n = 0,1,2,..., we have 
T 
e — => œ axr>oo 
qn 
qa 
e —>—>0asz>o00. 
er 
(c) We have 


logx — co as © > 00, 


but, for each constant a > 0, we have 


log x 


qa 


>0 arom. 
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15. Composition Rule for asymptotic 
behaviour 

Versions of the Composition Rule and Strategy F2 
(see 5. on page 110) can be used to deduce the 
asymptotic behaviour of composites of functions 
which have many types of asymptotic behaviour: 
the letters l and L denote either a real number or 
one of the symbols oo or —oo. 


Notice that if l is either oo or —oo, then the first 
proviso of the Composition Rule is automatically 
satisfied. 


3 Continuity: the classical 
definition 
16. -ô definition of continuity 


Let the function f have domain A and let 
cE A. Then f is continuous at c if 


for each e > 0, there exists 6 > 0 
such that 


If(z) — He) < e, 
for all x € A with |z — c| < ô. 


Theorem F14 


The e-0 definition and the sequential 
definition of continuity are equivalent. 


On the whole it is usually easier to use the 
sequential definition to prove 


e discontinuity 
e continuity of simpler functions. 


The ¢-6 definition can work better for proving 
continuity of more complicated functions. 


Unit F1 Limits 


Strategy F3 Showing continuity 
using e-d for polynomial y = f(x) 
functions 

To use the e-Ó definition to prove that a 

polynomial function f with domain A is 

continuous at a point c € A, let e > 0 be 
given and carry out the following steps. 


1. Use algebraic manipulation to express the 
difference f(x) — f(c) as a product of the 
Theorem F16 


form (x — c)g(z). 

2. Obtain an upper bound of the form 
\g(x)| < M, for |x — c| < r, where r > 0 is 
chosen so that [c— r,c +r] C A. (The 
Triangle Inequality is often useful here.) 

3. Use the fact that | f(x) — f(c)| < M|z — cl, 


The Riemann function is discontinuous at 
each rational point of R and continuous at 
each irrational point. 


for |£ — c| < r, to choose ô > 0 such that a The sawtooth function has domain R and 
rule 
Fae sol =e; ies 
for all z € A with |x — c| < ô. wis a — |z], Ose = |x| >, 
1-(¢-|s|), if;<a-|2| <1, 


where |x] is the integer part function. 
17. The Dirichlet function has domain R and 


rile The blancmange function B is obtained by 


forming an infinite series of functions related to s: 


1, if x is rational, 
f(z) = a, hacen B(x) = s(x) + $8(2x) + Ís(4x) + ¿s(8z) +- 
0, if x is irrational. 


Theorem F15 


The Dirichlet function is discontinuous at 
every point of R. 


/ ES JON Ze e ZN it IN ES N 
¿E INE de O de E i Se BS a, Oe 
wW “e Me 


18. The Riemann function has domain R and 1 1 3 1 T 
rule E E i 
= 1/q, if x is a rational p/q, (q > 0), Theorem Fiz 
0, if x is irrational. 


The blancmange function is continuous. 


Note, p/q is expressed in lowest terms. 
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20. -ô definition of a limit 


Let f be a function defined on a punctured 
neighbourhood N,(c) of c. Then f(x) tends 
to the limit l as x tends to c if 


for each £ > 0, there exists ô > 0 


such that 
If(x) -I| < e, 
for all x with 0 < |z — c| < ô. 


We write 


lim f(x) =1 or f(r) 71 asx. 


The ¢-6 definition and the sequential definition of 
a limit are equivalent. 


4 Uniform continuity 

21. An interior point c of an interval J is a 
point that is not an endpoint of J. 

22. A function f defined on an interval J is 
uniformly continuous on J if 


for each £ > 0, there exists 6 > 0 such that 


[f(z) —f@)| < e, 
for all x,y € I with |x — y| < ô. 


Theorem F18 


Let the function f be defined on an interval /. 
Then f is not uniformly continuous on J if 
and only if there exist two sequences (£n) and 
(yn) in I, and e > 0, such that 


1. |En — Yn| — 0 as n > co 
2. |f(£n)— f(Yn)| 2 £, for n = 1,2,.... 
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Strategy F4 Showing uniform 
continuity /discontinuity 


To prove that a function f is uniformly 
continuous on an interval /, find an 
expression for 4 > 0 in terms of a given 
e > 0 such that 


|f) HU] <e, 
for all x,y € I with |z — y| < 9. 


To prove that a function f is not uniformly 
continuous on an interval J, find two 
sequences (£n) and (yn) in J, and € > 0, 
such that 


|En — Yn| >0 as n > 00, 
and 
LF Gen) - Fln) > €, forn=1,2,.... 


Alternative: If it is applicable, it is easier to 
apply Theorem F19 (below) to show that a 
function is uniformly continuous. 


When using Strategy F4 to prove that a function 
is not uniformly continuous, aim to choose the 
terms £n and y, close together at points of T 
where the graph of f is steep. 


Theorem F19 


If the function f is continuous on a bounded 
closed interval [a,b], then f is uniformly 
continuous on fa, b]. 


Theorem F20 Bolzano—Weierstrass 
Theorem 


Any bounded sequence has a convergent 
subsequence. 


Unit F2 Differentiation 


1 Differentiable functions 


1. Let f be defined on an open interval J, and 
let cE I. 


The difference quotient for f at c is 


A IO, 


L-C h i 
where xz £ c, h Æ 0. 
d y = f(z) 


Oh? 
c c+h x 


The gradient (or slope), of the graph of f at the 


point (c, f(c)) is 


lim LH) or lim Q(h), 


zc L—C h-0 
provided that the limit exists. 


2. Let f be defined on an open interval J, and 
let ce I. 


The derivative of f at c is 


tim LO) (O, 
rc LI=CG 
that is, 
lim Q(h), 


provided that this limit exists. 
The function f is 


e differentiable at c if this limit exists 

e differentiable (on its domain) if f is 
differentiable at each point of its domain. 

The derivative of f at c is denoted by f'(c) and 


the function f': «+> f'(x) is called the 
derivative, or the derived function, of f. 


Differentiation is the operation of obtaining 


f'(x) from f(x). 


Unit F2 Differentiation 


Strategy F5 Showing a function is 
not differentiable 


To prove that a function is not differentiable 
at a point, show that lim Q(h) does not exist 
> 


by doing either of the following. 
e Find two null sequences (hn) and (kn) with 


non-zero terms such that the sequences 
(Q(h,)) and (Q(k,,)) have different limits. 


e Find a null sequence (h,,) with non-zero 
terms such that Q(h,) > oo or 
Q(hn) > — o. 


Theorem F21 Basic derivatives 
e If f(x) =k, where k € R, then f'(x) = 0. 
e If f(x) = x”, where n € N, then 


x) = cosg, then f'(x) = 
x) = e”, then f'(x) = e”. 


3. Let f be differentiable on an open interval T, 
and let cE I. 


The function f is twice differentiable at c, if 
the derivative f’ is differentiable at c. The second 
derivative of f at cis the number 

fc) = Yo. 

The second derivative (or second derived 


function) of f is the function f”, also denoted 
by f(). 


Higher-order derivatives of f, denoted by 
f) = f", #, and so on, are defined similarly. 


Some functions (for example, all those in 
Theorem F21) can be differentiated as many times 
as we like. However, not every derivative is 
differentiable at all points of its domain (for 
example, the derivative of the function f, given by 
f(x) = z? for z > 0 and f(x) = 0 for x < 0, is not 
differentiable at x = 0). 


d 
4. In Leibniz notation f'(x) is written as a 
z 
d2 

and f” (x) as 


aa where y = f(x). 
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5. 


Let f be defined on an interval J, and let 


cel. 
The left derivative of f at c is 


provided that this limit exists. If the limit exists, 


fg I ii Q(h), 


E L—€ h=>0> 


fL(c) = 


we say that f is left differentiable at c. 


Similarly, the right derivative of f at cis 


provided that this limit exists. If the limit exists, 


act T= h=>0+ 


we say that f is right differentiable at c. 


6. 


7. Differentiability is a local property because it 


Theorem F22 


Let f be defined on an open interval J, and 
let ce I. 


(a) If f is differentiable at c, then f is both 
left differentiable and right differentiable 
at c, and 


file) = fr(e) = F'(c). 
(b) If f is both left differentiable and right 
differentiable at c, and f; (c) = fir(c), 
then f is differentiable at c and 


Pc) = fr = falo). 


Glue Rule for differentiable functions 


Theorem F23 Glue Rule 


Let f be defined on an open interval J, and 
let c € I. If there are functions g and h 
defined on J such that 


1. fa = g(x), fore el, z< c, 


f(x) = h(x), for x € I, £ ><, 


2. f(c) = g(c) = h(c), and 
3. g and h are differentiable at c, 


then f is differentiable at c if and only if 
g'(c) =h'(c). If f is differentiable at c, then 
f'(c) =g(c) = k (6). 


depends on the behaviour of the function in any 
open interval (no matter how short). 
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The restriction of a differentiable function to an 
open subinterval of its domain is a differentiable 
function. 


8. Continuity and differentiability 


Let f be defined on an open interval J, and 
let ce I. 


Theorem F24 If f is differentiable at c, 


then f is continuous at c. 


Corollary F25 If f is discontinuous at c, 
then f is not differentiable at c. 


Warning: A function can be continuous at a 
point and not differentiable at that point (for 
example, the blancmange function is continuous 
everywhere, but not differentiable anywhere). 


Theorem F26 


The blancmange function is not differentiable 
at any point c € R. 


2 Rules for differentiation 


9. Rules for differentiable functions 


Theorem F30 Combination Rules 


Let f and g be defined on an open interval J, 
and let c € I. If f and g are differentiable 
at c, then so are the following functions. 


Sum Rule f +g, with derivative 
(F +g) (c) = Fc) + 9 (c) 
Multiple Rule Af, with derivative 


(AFV (e) =AF (c) (AER) 
Product Rule fg, with derivative 
(fg) (c) = f'(e)gle) +f (e)g' (e) 
Quotient Rule f/g, provided that 
g(c) 4 0, with derivative 
(0 i= glo) Filo) — Flog’) 


g (g(c))? 


Corollary F31 
Let 
p(x) = ag + aye + aga? +--+ ans”, 


for x € R, where ag, a1,...,@, € R. Then p is 
differentiable on R, with derivative 


p(x) = a, + 2agz +--+ +napa?, 


Theorem F32 Composition Rule 
(the Chain Rule) 


Let f be defined on an open interval J, let g 
be defined on an open interval J such that 
f(D) C J, and let ce T. 


If f is differentiable at c and g is differentiable 
at f(c), then go f is differentiable at c and 


(go f) (c) = y Fc) f (6). 


Theorem F33 


Let f be a function whose domain is an open 
interval Z on which f is continuous and 
strictly monotonic. Then f has an inverse 
function f7! with domain J = f(T). 


If f is differentiable on J and f'(x) 4 0 for 


x € I, then f7! is differentiable on J. Also, 
if c € I and d = f(c), then 


Inverse Function Rule 


In Leibniz notation, if u = f(x) and 
y = glu) = g(f(x)), then the Composition Rule 
becomes 


and if y = f(x) and x = f~!(y), then the Inverse 
Function Rule becomes 

de 1 

dy  dy/dx' 


Unit F2 Differentiation 


10. The following functions are differentiable: 
e polynomial and rational functions 

e f(1)=x% on R- {0} 

e the exponential function 

e the trigonometric and hyperbolic functions. 


3 Rolle's Theorem 


11. Let f be defined on an interval [a, b]. Then: 
f(d) is the maximum of f on [a,b] if d € [a,b] 
and 
f(x) < f(d) for x € [a,b]; 
f(c) is the minimum of f on [a,b] if c € [a,b] and 
f(z) > f(c) for x € [a,b]. 

An extreme value of f is a maximum or a 

minimum. 

12. The function f has: 

e a local maximum f(c) at c if there is an open 
interval I = (c— r,c + r), where r > 0, in the 
domain of f such that 

f(t) <f, fore! 

e a local minimum f(c) at cif there is an open 
interval I = (c— r,c + r), where r > 0, in the 
domain of f such that 

f(e)> Ho), forser 

e a local extreme value f(c) at cif f(c) is 

either a local maximum or a local minimum. 


13. A stationary point of f is a point c such 
that f'(c) = 0; we also say that f’ vanishes at c. 


Theorem F34 Local Extreme Value 


Theorem 
If f has a local extreme value at c and f is 
differentiable at c, then 


Fe) =0. 


Corollary F35 


Let f be continuous on the closed interval 

[a, b] and differentiable on (a,b). Then the 
extreme values of f on [a,b] can occur only at 
a or b, or at points x in (a,b) where 


f(x) = 
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14. Extreme values and stationary points 


Strategy F6 Finding maxima/minima 
To find the maximum and minimum of a 
function f that is continuous on [a,b] and 
differentiable on (a,b), do the following. 

1. Determine the points c1, c2,... in (a,b) 
where f’ is zero. 


2. Hence determine the values of 


f(a), F(0), f(a), f(e2), e3 


the greatest of these is the maximum and 
the least is the minimum. 


Theorem F360 Rolle’s Theorem 


Let f be continuous on the closed interval 
[a, b] and differentiable on (a,b). If 

f(a) = f(b), then there exists a point c, with 
a < c< b, such that 


Fle) =0. 


4 Mean Value Theorem 


15. The Mean Value Theorem generalises Rolle’s 
Theorem: there is always a point where the 
tangent to the graph is parallel to the chord 
joining the endpoints. 


Theorem F37 Mean Value Theorem 


Let f be continuous on the closed interval 
[a, b] and differentiable on (a,b). Then there 


exists a point c in (a,b) such that 


ro-a, 
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16. The interior of an interval J is the largest 
open subinterval of J (obtained by removing any 
endpoints of 1). 


Let f be continuous on an interval / and 
differentiable on the interior of J. 


Theorem F38 Increasing-Decreasing 


Theorem 
(a) If f'(x) > 0 for x in the interior of J, then 
f is increasing on I. 
(b) If f'(x) < 0 for x in the interior of J, then 
f is decreasing on J. 


Corollary F39 Zero Derivative 
Theorem 

If f'(x) = 0 for all x in the interior of J, then 

f is constant on J. 


Theorem F40 Second Derivative Test 


Let f be a twice-differentiable function 

defined on an open interval J containing a 

point c such that f'(c) = 0 and f” is 

continuous at c. 

(a) If f”(c) > 0, then f(c) is a local 
minimum of f. 

(b) If f”(c) < 0, then f(c) is a local 


maximum of f. 


Strategy F7 Proving inequalities - 
Increasing—Decreasing 
To prove that g(x) > h(x), for x € [a,b], 
carry out the following steps. 
1. Let 
f(x) = g(x) — h(x), 


and show that f is continuous on [a,b] and 


differentiable on (a,b). 
2. Prove that 
either f(a) >0 and f'(x) > 0 for x € (a,b), 
or f(b) >Oand f'(x) < 0 for x € (a,b). 


There is a corresponding version of this strategy 
and the Increasing-Decreasing Theorem with the 
weak inequalities replaced by strict inequalities. 


5 L’H6pital’s Rule 


17. Cauchy’s generalisation of the Mean Value 
Theorem involves two functions which can be 
interpreted as a pair of parametric equations 
describing the curve. 


Theorem F41 Cauchy’s Mean Value 
Theorem 

Let f and g be continuous on [a,b] and 

differentiable on (a,b). Then there exists a 

point c € (a,b) such that 


Pc)a(b) — gla)) = g'(c)( F(b) — Fa); 


in particular, if g(b) 4 g(a) and g'(c) £0, 
then 


18. L’H6pital’s Rule 


L’Hopital’s Rule enables us to evaluate limits of 
quotients where the Quotient Rule does not apply: 
limits of the form 


kj 


ze g(x) 


where f and g are differentiable functions with 


f(c) = g(¢) = 0. 


Theorem F42 L’Hôpital’s Rule 


Let f and g be differentiable on an open 
interval / containing the point c, and suppose 
that f(c) = g(c) = 0. Then 


exists and equals lim —— 
zc 


provided that the latter limit exists. 


Warning: Do not forget to check that all the 
conditions hold. 


If f'(c) = g'(c) = 0, then a second application of 
L'Hópital's Rule is needed. 


Unit F3 Integration 


Unit F3 Integration 


1 The Riemann integral 


1. Let the function f be defined on the closed 

interval [a,b]. Then the following hold on [a,b]. 
e f is bounded below on [a,b] with m as a 

lower bound if 
f(x) 2m, 

e mis the minimum of f on [a,b] if 


for all x € [a, b]. 


1. m is a lower bound for f on [a,b], and 
2. f(c) = m, for some c € [a,b]. 
Thus m = min{ f(x) : a <x < by}, which we also 


write as a f or simply as min f. 
a, 


e f is bounded above on [a,b] with M as an 

upper bound if 
f(z) < M, for all x € [a, b]. 

e M is the maximum of f on [a,b] if 
1. M is an upper bound for f on [a,b], and 
2. f(d) = M, for some d € [a,b]. 
Thus M = max{ f(x):a <x < b}, which we 
also write as max f or simply as max f. 


e f is bounded on a,b] if it is both bounded 
below and bounded above on [a,b]. 


2. Let the function f be defined on the closed 
interval [a, b]. Then 
e m is the infimum or greatest lower bound 
of f on [a,b] if 
1. m is a lower bound for f on [a,b], and 
2. ifm’ >m, then f(c) < m’, for some c € [a,b]. 
Thus m = inf{ f(x) : a < x < b}, which we also 


write as n f or simply as inf f. 
a,b 


e M is the supremum or least upper bound of 
f on [a,b] if 
1. M is an upper bound for f on [a,b], and 
2. if M’ < M, then f(d) > M”, for some 
d € la, b]. 
Thus M = sup[f (1) : a <x < b}, which we also 
write as sup f or simply as sup f. 
[a,b] 
3. If mny exists, then a f mn f: 


Similarly, if max f exists, then sup f = max f. 
[a,b] [a,b] [a,b] 
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4. A partition P of a closed interval [a, b] is a 
collection of a finite number of closed subintervals 
of [a,b], 
P = {[zo,21],---, [ti-1, Zi], --., [En-1, En] ), 
where 
A=% << SUS <M Lp =D. 
The partition points of P are the points x;, 
for0<i<n. 
The ith subinterval is [7;_1,x7;], 1 <i < n, and 
its length is denoted by 62; = x; — £i—1. 
P 
. Ti—1 Ti ... 
Ox; 
The mesh of P is the length of the longest 
subinterval: ||P|| = max {dz;}. 
1<i<n 


a=% ti Tai. Ln =0b 


A standard partition is a partition with 
subintervals of equal length. 


A refinement of a partition P is obtained from P 
by adding to it a finite number of partition points. 


The common refinement of partitions P and P’ 
is the partition obtained by using all their 
partition points. 


5. Riemann sums 


Let f be a bounded function on [a,b], and let P 
be the partition 


A A Eni nlite 
where zo = a and £n = b. Let 

mi = inf{ f(x): x € ma, xil} 
and 

M; = sup{ f (x) : x € [zi—1, zil}, 
fori=1,2,...,n. 


The lower Riemann sum for f on [a,b] with 
partition P is 


E(f,P)= Y mbm. 
i=l 


The upper Riemann sum for f on [a,b] with 
partition P is 


UPIS y) Mite 
i=l 
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Theorem F43 


Let f be a bounded function on [a,b], and let 
P be a partition of [a,b]. Then 


L(f,P) < U(f, P). 


Theorem F44 


Let f be a bounded function on [a,b], and let 
P and P’ be partitions of [a,b]. Then 


L(f,P) < U(f, P”). 


6. The integral 
Let f be a bounded function on [a,b]. 


The lower integral of f on [a,b] is 
b 
[ E= sip Ilt P), 
Ja P 
and the upper integral of f on [a,b] is 
7b 
= inf P 
[ E= UUP), 


where the supremum and infimum sum over all 
possible partitions P of the interval [a,b]. 


We say that f is integrable on [a,b] if 


ft- Pr 


The (Riemann) integral of f on [a,b] is this 
common value of the lower and upper integrals. 


b b 
We write | for | f(x) dx. 


The limits of integration are a and b. 


7. Criteria for integrability 


Theorem F45 


Let f be a bounded function on [a,b]. If there 
is a sequence of partitions (P,,) of [a,b] such 
that ||P,,|| > 0 and 


lim Lf Pa) = im Py) = A, 
Noo n—>00 


where A € R, then f is integrable on [a, b] 


and 
b 
f fed 


Unit F3 Integration 


Theorem F46 


If f is an integrable function on [a, b] and 
(Pn) is a sequence of partitions of [a,b] such 
that ||P, || > 0, then 


Theorem F50  Additivity of integrals 


Let f be a bounded function that is 
integrable on an interval / containing the 
points a, b and c. Then 


[rf ifi 


b 
lim L(f, Pa) = im UG, P) = fF 


N—>00 


To show that a function is not integrable, find a 
sequence of partitions (P,,) of [a,b] whose mesh 
tends to zero, but for which Let f be a bounded function that is 


integrable on [a,b]. 
lim L(f, Pa) # lim U(f, Pa). 
n—>00 n—>00 


Theorem F51 Sign of an integral 


b 
e If f(x) > 0 on [a, b], then f pal 


b 
Corollary F47 Riemann’s Criterion e If f(x) <0 on [a,b], then f f <0. 


Let f be bounded on [a,b]. Then 
e f is integrable on [a, b] 


u Theorem F52 Modulus Rule 
e there is a sequence (P,,) of partitions of 


[a, b] with ||P,|| > 0 such that 


If f is integrable on [a, b], then |f| is also 
integrable on [a,b]. 


10. Combination Rules for integrable 
8. Two classes of integrable functions functions 


Theorem F48 


A function f which is bounded and 
monotonic on [a, b] is integrable on [a, b]. 


Theorem F53 Combination Rules 


If f and g are integrable on [a,b], then so are 
the following functions. 


Sum Rule f +9, with integral 


faro- f rfs 


Theorem F49 


A function f which is continuous on [a,b] is 
integrable on (a, b]. 


Multiple Rule Af, with integral 


9. Properties of integrals b b 
o ora fs ace 
Let f be a bounded function that is integrable on ü m 
an interval / containing a and b, where a < b. 
Then we make the following definitions. Product Rule fg 
mn “ faj Quotient Rule f/g, provided that 1/g 
a is bounded on [a,b]. 
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2 Evaluation of integrals 


11. A function F is a primitive (or an 
antiderivative) of a function f defined on an 
interval I if F is differentiable on J and 


12. Combination Rules for primitives 


Theorem F56 Combination Rules 


Let F and G be primitives of f and g, 
respectively, on an interval J, and let A € R. 


F(z) = f(x), forzel. Then, on I: 


A primitive F is also called an indefinite 
integral of f and denoted by 


[fo die, 


Integration is the process of finding a primitive 
of f, and the function f is called an integrand. 


Sum Rule 


f+g has a primitive F+G 
Multiple Rule Af has a primitive AF 
Scaling Rule «+> f(Az) 


has a primitive 


1 
LH zE Os), for \ # 0. 


Theorem F54 Fundamental Theorem 
of Calculus 
Let f be integrable on [a,b] and let F bea 


13. Techniques for integration 


Strategy F8 Integration by 
substitution 


To find a primitive frase dx using 


primitive of f on [a,b]. Then 


b 
f f=? 0-Fo. 


integration by substitution, do the following. 


The expression F(b) — F(a) is also written as 1. Choose u = g(x). Find “ = g'(x) and 
, t 
[F(e)] or F(2)[?. hence express du in terms of x and dz. 


a a 


. Substitute u = g(x) and replace g'(x) de 
by du (adjusting constants if necessary) to 


f f give I f(u) du. 


The integral 


Tid / PTEN 


is also called the definite integral of f over [a,b]. 
. Substitute u = g(x) to give the required 


Theorem F55 Uniqueness Theorem ii o E 


for Primitives 
Let F; and Fə be primitives of f on an 


To evaluate a definite integral, rather than find a 
primitive, there is no need to perform step 4 of 
this strategy. Instead, change the 2-limits of 
integration into the corresponding u-limits: 


b , g(b) 
Jrs f" saya 
a g(a) 
Also, if g(x) > 0 for x € I, then 


IO dr — too(ale 
[ ES de = vox(a(e)) 


interval J. Then there exists some constant c 
such that 


Pala) =PFila)+c, fozell. 
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Strategy F9 


Integration by 
backwards substitution 
f(x) dx using 


integration by backwards substitution, do the 
following. 


To find a primitive 


1. Choose u = g(x), where g has an inverse 
function x = h(u). Find o = h'(u) and 
hence express dx in terms of u and du. 

. Substitute x = h(u) and replace dx by 
h'(u) du to give a primitive in terms of u. 

. Find this primitive. 

. Substitute u = g(x) to give the required 
primitive in terms of x. 


To evaluate a definite integral, rather than find a 
primitive, there is no need to perform step 4 of 
this strategy. Instead, change the x-limits of 
integration into the corresponding u-limits: 


b (b) 
[tees OO 
a g(a) 


or expressed in terms of h, where x = h(u), 


b g(b) 
f rayas] f(h(u))h!(u) du 
a g(a) 


Strategy F10 Integration by parts 


To find a primitive f k(x) dx using 
integration by parts, do the following. 


1. Write the original function k in the form 


fg’, where f is a function that you can 
differentiate and g’ is a function that you 
can integrate. 


2. Use the formula fis = fo- | fs. 


14. Reduction formulas 


A reduction formula (or recurrence relation) 


involving an integral J„ (for a non-negative integer 


n) relates the value of [,, to the value of In—1 or 
I,-2 and can be obtained by integration by parts. 


Unit F3 Integration 


3 Inequalities, sequences and 
series 


15. Inequalities for integrals 


Theorem F57 
Let f and g be integrable on [a, b]. 
(a) If f(x) < g(x), for x € [a, b], then 


Inequality Rules 


Lee 


) < M, for x € [a,b], then 


a, f<M(b-a). 


(bm f(x 


Theorem F58 Triangle Inequality 
Let f be integrable on [a,b]. Then 


< Un, 


Furthermore, if |f (x)| < M for x € [a,b], then 


b 
f| <M(b-a). 


a 


16. Formulas for m 


Theorem F59 
22 4 4 6 6 
1 3 3 5b 5. F 


2n 2n 
I—1 2+1) 


i (n!)? 92n 
lim —=—==—= = 
noo (2n)! yn 


Wallis? Formula is the first of these formulas 
for 7. 
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17. Integrals for determining convergence 
or divergence of series 


It is often easier to evaluate an integral than a sum 

which has a similar behaviour, so the Integral Test 

can be used to help determine the convergence or 
OO 


divergence of certain series of the form y f(n). 


n=1 


Theorem F60 


Let the function f be positive and decreasing 
on [1,00), and suppose that f(x) — 0 as 
x — oo. Then 


Integral Test 


OO 
(a) ` f(n) converges if the sequence 
n=l 


a) 


is bounded above 


(b) >= f(n) diverges if 
n=1 


n 
f f —> œ asn > 00. 
1 


The number 1 in parts (a) and (b) of Theorem F60 
can be replaced by any positive integer. 
18. The series 
2 1 
nP 
n=1 


converges for p > 1, and diverges for 0 < p< 1. 
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4 Stirling’s Formula 


19. Combination Rules for ~ 
For positive functions f and g with domain N, we 
write 

Fin) ~ g(n) as n => co 


to mean 


n 
fn) =] asn> oo. 
g(n) 
Note, we often omit ‘as n — oo’ when writing 
expressions of this type. 


Warning: The statement 
f(n) = g(n) as n —>00 


does not imply that f(n) — g(n) tends to zero or is 
even bounded. 


Theorem F61 Combination Rules 
If fi(n) ~ gi(n) and faln) ~ ga(n), then: 
Sum Rule 

Multiple Rule 


fi(n)+f2(n) ~ gi(n)+ga(n) 
Afi(n) ~ Agi(n), 

for AE Rt 
fin) feln) ~ gi(n)ga(n) 
film) _ aln) 
fan) gan) 


Product Rule 


Quotient Rule 


20. Stirling’s Formula 


Theorem F62 Stirling’s Formula 


n! ~ V2an(n/e)” as n —> 00. 


Unit F4 Power series 


1 Taylor polynomials 


1. Let f be differentiable on an open interval 
containing the point a. 
The tangent approximation at a to f is 

f(x) = f(a) + f'(a)(z — a). 
2. Let f be n-times differentiable on an open 
interval containing the point a. 
The Taylor polynomial of degree n at a for f 
is the polynomial 


Tr(a) = f(a) + f'(a)(@—a) + 


that is, 
na- Y EUe- a. 
k=0 


The functions f and T, have the same value at a 
and have equal derivatives at a for all orders up to 
and including n. 


Taylor polynomials for successive values of n 
satisfy the recurrence relation 


10 (a) 


Tale) = Tin) + al 


(z-a), n>1. 


2 Taylor's Theorem 
3. Approximating by a Taylor polynomial 


Theorem F63 Taylor's Theorem 
Let the function f be (n + 1)-times 
differentiable on an open interval containing 
the points a and x. Then 

f(x) = f(a) + f'(a)(x — a) 


Ma 
po Oe ay 


+ Rn(z) 
= TT, (2) + Rn(2), 
where T,, (1) is the Taylor polynomial of 
degree n at a for f and 


(n+D) (e 
Bala) = Eta — ay, 


for some c between a and x. 


Unit F4 Power series 


R,(x) is the remainder term, or error term 
involved in approximating f(x) by T,,(2). 

A remainder estimate, or error bound, for the 
approximation of f(x) by T,,(1), is an upper 
bound for |R,(x)| = |f(x) — Tr(x)!. 


Strategy F11 Taylor approximation 
at a point 

To show that the Taylor polynomial Tn at a 

for f approximates f to a certain accuracy at 

a point x Æ a, do the following. 


1. Obtain a formula for f(t, 
2. Determine a number M such that 
[FM (0) < M, 
for all c between a and x. 
3. Write down and simplify the remainder 
estimate 


|f(@) — Tr(#)| = |Rn(a)| 


cS ee — att, 
(n +1)! 


Strategy F12 Taylor approximation 
on an interval 

To show that the Taylor polynomial Tn at a 

for f approximates f to a certain accuracy 

throughout an interval J of the form 

[a, a + r], [a — r, a] or [a — r, a + r], where 

r > 0, do the following. 

1. Obtain a formula for f(M+2, 


2. Determine a number M such that 
FDM, forallcel. 


3. Write down and simplify the remainder 
estimate 


[f (e) = Tn(x)| 


for all z € I. 


Sometimes the maximum value of | f("+)(c)| can 
be determined, and often this is attained at an 
endpoint of the interval. Usually, however, any 
“good enough’ upper bound for |£M+D(c)| will do. 
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4. Taylor series 


Theorem F64 


Let f have derivatives of all orders on an open 
interval containing the points a and x. If 


R(x) +0 as n > 00, 


Let f have derivatives of all orders at the point a. 


The Taylor series at a for f is 


la 
SEO ay = Ha) +P(0)(2—a) 


n! 

= f” (a) 
2! 

The Taylor series for f is valid at x when it has 
the sum f(x); that is, if Ra(x) > 0 as n > 00. 
The range of validity for a Taylor series is any 
set of values of x for which the Taylor series is 
valid. 
The sum function of the Taylor series is the 
function f on any such range of validity. 


(x-a)? +- 


Theorem F65 Basic Taylor series at 0 


1 
_ 240.302" 
ree a 


for |x| < 1. 
(rana 

(2n +1)! ’ 

for x E€ R. 


for x ER. 


n 


=Z, for x ER. 
n! 
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The alternating harmonic series is 


s 1 1 1 
y M aa aa A 


n=1 


3 Convergence of power 
series 


5. Radius of convergence 
Let a € R, x € R and a, E R, n=0,1,2,.... 


A power series at a in x, with coefficients an 
is the expression 


SoG — a)” = ao + a1 (x — a) + ao(x — a) 
n=0 


The centre of the power series is a. 


DEE 


Theorem F66 Radius of 
Convergence Theorem 

00 

For a given power series y anlt— a)”, 
n=0 

exactly one of the following possibilities 

occurs. 

(a) The series converges only for x = a. 

(b) The series converges for all x. 

(c) There is a number R > 0 such that 


Co 
> an(x — a)” converges if lx — a| < R 
n=0 


and 


>. anlz — a)” diverges if |z — a| > R. 


n=0 


Moreover, in all parts the series converges 
absolutely on the specified sets of 
convergence. 


The radius of convergence of the power series is 
the positive number R in Theorem F66(c), or 

R = 0, if the power series converges only for « = a, 
or R = 00, if the power series converges for all x. 


Warning: Theorem F66(c) makes no assertion 
about the behaviour of the series at the endpoints 
of the interval (a — R,a + R). 


The interval of convergence of the power series 
is the interval (a — R,a + R), together with any 
endpoints of this interval at which the power series 
converges. 


a R 
— a —Á —— 
a-R a a+R a-R a a+R 
So a — 
a-R a a+R a-R a a+R 


6. Ratio Test for power series 


Theorem F67 Ratio Test 


Suppose that y an(x — a)” is a power series 
n=0 
with radius of convergence R, and that 


An+1 

h 
(a) If L is œ, then R = 0. 
(b) If L = 0, then R = œ. 
(c) If L > 0, then R=1/L. 


—> L as n> 00. 


Strategy F13 Finding the interval of 
convergence 


To find the interval of convergence of the 
OO 


power series > an(x — a)", do the following. 
n=0 

1. Use the Ratio Test for power series to find 

the radius of convergence R. 
. If R is finite and non-zero, use other tests 

for series (see Strategy D13 in 15. on 
page 86) to determine the behaviour of the 
power series at the endpoints of the 
interval (a — R,a + R). 


The largest range of validity of a Taylor series is 
the interval of convergence obtained by using 
Strategy F13. 


Unit F4 Power series 


4 Manipulating Taylor series 


7. Combination Rules for Taylor series 


Combination Rules 


Let f and g be functions that can both be 
represented by a Taylor series at a, and 
suppose that 


HE = Sale — a)”, for |x — a| < R, 
n=0 


glx) = > bn(x — a)”, for |z — a| < R’. 
n=0 


The the following hold for r = min{ R, R'} 
and AER. 


Theorem F69 


Sum Rule oo 
(F+ 9)(0) = Y (an + Pn) (2 — a)" 


n=0 
for |x — al] <r 


Multiple Rule Af(x) = y Aanlz— a)”, 
n=0 


for |x — a| < R. 


Theorem F70 


Product Rule (fg)(x) = `> cala — a)”, 
n=0 


for |x — al <r, 
where 


Cn = aobn + aybn—1 + +++ + Gn—1b1 + Ando 


n 
= > Arda —k. 
k=0 


The radius of convergence of the Taylor series for 
f +g may be larger than r = min{R, R’}: 
Theorem F69 simply asserts that it must be 

at least r. 


The coefficient cn in Theorem F70 is the result of 
multiplying the two Taylor series term by term 
and summing all the resulting coefficients 

of (x — a)”. 
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8. Further rules for Taylor series 


Theorem F71 Differentiation Rule 
The Taylor series 


f(x) = Y ana - a" 
and 


g(a) = Y nanía ay! 
n=1 


have the same radius of convergence, R say. 


Also, f(x) is differentiable on (a — R,a+ R), 
and 


f'(z) = g(x), 
Theorem F72 
The Taylor series 


for |x — a| < R. 


Integration Rule 


have the same radius of convergence, R say. 


Also, if R > 0, then 


| ted = Ft), for |x — a] < R. 


The Integration Rule says that F is a primitive of 
f on (a— R,a+ R): 


I (Sae — 0) dx = a a are. 


We find c by putting x = a into this equation. 


Warning: In both rules, the two series may 
behave differently at the endpoints of their 
respective intervals of convergence. 


9. The generalised binomial coefficients are 
€ =1, (a ER) 


forn EN. 
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Theorem F73 General Binomial 
Theorem 


For a ER, 


(1+2x) = y (*) x”, for lal 1. 


n=0 


Warning: The role of n in the generalised 


. . i a\. 
binomial coefficient J is the same as the role 


of k in the normal binomial coefficient a 


10. Techniques for finding Taylor series 
Taylor’s Theorem 

the Combination Rules 

the Differentiation and Integration Rules 


the General Binomial Theorem. 


Any valid method gives the same Taylor series. 


Theorem F74 Uniqueness Theorem 
If 


OO Co 
Yab — a)” = De by (1 — a)”, 
n=0 n=0 
for |z — a| < R, 
then a, =bn; forn=0,1,2,.... 


5 Numerical estimates for 7 


11. Using the Taylor series for tan”! at 0, 
combined with an addition formula for tan”!, 
gives the following formulas which can be used to 
estimate 7: 


(Machin’s Formula), 
6tan 1 (E) +2 tan” (=) + tan”? (25) = 7/4. 


12. x is irrational 


Theorem F75 


The number 7 is irrational. 


Quick reference 


Quick reference 


Sketches of graphs of basic functions 


YA 
y=o 
T 
YA 
24 e—oy = |x| 
14 e—o 
T T e——O T T > 
-2 -1 i. 2. 3. @ 
e—o 
e—o-—24 
YA 
y = tana] 
m 
> 
K st 
TZ 2] 
i i 
YA YA YA 
1 y=e y =e? 1 y = log x 
T T 1 T 
ya y = Sinha 
T 
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Quick reference 


Sketches of graphs 


of standard inverse functions 


y = tang 


Xy 


] Yt i 
Y i y 
\ 
y = sinh x \ y = cosh z ery IE 
\ 
E x y = tanh x 
T o || 
y 
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Properties of trigonometric and hyperbolic functions 


Trigonometric functions 


cos is even: cos(—x) = cos x 
sin is odd: sin(—2) =-—sinz 


tan is odd: tan(—x) = — tan x 


cos? x + sin? x = 1 


1 + tan? z = sec? x 


cot? x + 1 = cosec? x 

sin(x + y) = sin x cos y + cos x sin y 
cos(x + y) = cos x cos y — sin z sin y 
tan x + tany 


t = 
aniey) 1 — tan zx tan y 


Hyperbolic functions 


cosh is even: cosh(—x) = cosh x 
sinh is odd: sinh(—x) = — sinh z 
tanh is odd: tanh(—x) = — tanh z 


cosh? x — sinh? x = 1 
1 — tanh? x = sech? x 


coth? xz — 1 = cosech? x 


sinh(x + y) = sinh x cosh y + cosh z sinh y 
cosh(a + y) = cosh z cosh y + sinh z sinh y 
tanh z + tanh y 


tanh = —— 
aae 1 + tanh z tanh y 


sin 2x = 2 sin g cos £z 

cos 2x = cos? x — sin? x 
= 2 cos? g — 1 
= 1 — 2sin? x 

2tan x 

tan 21 = ———_,— 

1 — tan? x 

sin(a — x) = sing 


cos(m — £) = — cos g 


sinh 27 = 2 sinh x cosh x 
cosh 2x = cosh? x + sinh? x 
= 2 cosh? x — 1 
= 1 + 2sinh? x 
2 tanh x 


tanh 2x = ———,— 
1+ tanh’ x 


Some standard values of sin, cos and tan 


These can be found from the following triangles. 


NE 
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Standard derivatives 


f(z) f'(x) Domain of f’ 

k 0 R 

w R 

x”, nE Z— {0} nan R or R— {0} 

2%, AER axe! Rt 

ar, a>0 a” log a R 

sin £ COS £ R 

COS © —sin x R 

tan x sec? x R—{(n+5)m:neZ} 
cosec © —cosec g cot £ R- {nnr:nE Z} 
sec £ sec g tan x R—=((n+35)r:neZ) 
cot x — cosec? x R—¿nr:neZ) 
sin”! x 1/V1 = q? (-1,1) 

cos ta —1/V1— q? (-1,1) 

tan! g 1/(1 + 2?) R 

er er R 

log x 1/2 Rt 

sinh x cosh x R 

cosh zx sinh x R 

tanh x sech? x R 

sinh! x 1/V1+ 2? R 

cosh”! z 1/Va2?2 —1 (1, 00) 

tanh7! x 1/(1 — 2?) (—1,1) 
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Primitive F(x) 


f(x) 


Domain 


£”, nEZ— {-1} 


z“, a -1 


art (n +1) 
ett (a +1) 


R or R— {0} 
Rt 


ar, a>0 I 


sin x 
COS £ 


tan x 


a” / log a 


— COS £ 


sin x 


log (sec x) 


ev 


175 
Le 
log x 


sinh x 


ev 


log x 

log || 
zlogx— «x 
cosh x 


sinh x 


log (cosh x) 


(a? z ey a#0 


(x? = a ae a#0 


(a2 +x, a0 


(a? — g?) "2, a#0 
(x? ae iS aX#0 
($a)? a0 


e cos bx, a,b 4 0 


e“ sin ba, a,b 4 0 


1 
2 
5x (x — a?) "2 — 5a" log(x + (x? — a?)!/?) 
La(a? + 22)12 + La? log(x + (a? + 2?)1/2) 
a? + b? 


ax 


(acos bx + bsin bx) 


(asin br — bcos bx) 


a? + b2 
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Standard Taylor series 


Function Taylor series Domain 
1 db SA 
LE E a += Soe LES! 
n=0 
2 3 4 29 n+1,.n 
—1 
bite e y a Jaagi 
2 3 4 = n 
2 3 SSA) 
x x x 
3 5 T © n, 2n+1 
: ae ane (—1)"x 
sin x tata at TL ant a TER 
2 4 6 oo ny 2n 
A ane (—1)"x 
COS £ l= ge go En]! TER 
n=0 
ala=1) y, a(a—1)(a—2) Z fa 
(1+2x)2 LEA m T ag ee ES qa jz| <1, «ER 
! ! E 
3 5 7 ES 2n+1 
f x x x x 
sinh a eta ta tat = Gap TER 
2 4 6 © .2n 
x x x x 
cosh x ltat+agtat =Lam eR 
3 5 7 © n,2n+1 
gs ai (—1)°x 
t 1 ae A he as < 1 
an ig T 37% 7 + y ari |z| < 
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Non-degenerate conics in standard position 


YA YA YA 


Ry 
8 
RY 


2 2 2 


i= 1 Parabola y? = 4ax Hyperbola - a 
a 


¿2 
Elli = 
ipse 72 + p2 


Quadrics in standard position — the six types considered 


The curves of intersection are given below each quadric. 


q? y 2 


2 
ed ot z 
Ellipsoid z + m + a= 1 


ZA 


ellipse ellipse or parabola 


Hyperboloid 1% y? z Hyperboloid z? y? 2 7 q? 2 Ao 
of one sheet a? bB (2 of two sheets a2 a B 2- =L Bue gung a? is bc 0 


ellipse or hyperbola ellipse or hyperbola ellipse or hyperbola 
(or a degenerate conic) 
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Standard groups 


Throughout, m,n € N and pis prime. 


Finite groups of small order 


Group(s) Order Group(s) Order Group(s) Order Group(s) Order 
C2 = (Za, +2) 2 Cs=(Z5,+5) 5 Cs = (Za, +8) 8 As 12 
C3 S (Z3, +3) 3 Ce = (Ze, +6) E S(cuboid) 8 S, oi 
C4 S (Za, +4) 4 S(A) = Ds 6 (Uis, X15) 8 == 
V=s(a) 4 Cr = (Er, +) 7 Ss) = Di 8 

Qs 8 


Finite groups — infinite families 


Group Order Description 


Cn n standard abstract cyclic group (multiplicative) 

(Zn, +n) n standard cyclic group (additive), n > 2 

(Z5,Xp) p>—1 an abelian group: Z% = {1,2,...,p—1} 

(Cc) o an abelian group: Un is the set of all integers in Zn coprime to n, n > 2 
Sn n! the symmetric group of degree n 

An n!/2 the alternating group of degree n, n > 2 

Dn 2n the dihedral group of order 2n (the symmetries of an n-gon), n > 3 


Infinite groups (other than groups of matrices) 

(Z:+) (Q+) (R+) (G+) (R%+) (B+) (R",+) (R%,+) 
(Q*,x) (R*,x) (C*,x) 
(Qt,x) (R*, x) 


Infinite groups of matrices 


ae Es a le 2) :a,b,c,d ER, ad—be #0} 
(M22, +) 2 x 2 matrices 

(GL(2), x) invertible 2 x 2 matrices = all ae a,b,c,d E€ R, ad—be= i} 
(SL(2),x) 2x2 matrices with determinant 1 

(Dx) invertible 2 x 2 diagonal matrices a HE a,deR, ade o) 

(L, x) invertible 2 x 2 lower triangular matrices 0 d 

(U, x) invertible 2 x 2 upper triangular matrices a 0\. 

(Mmn,+) m xn matrices ~ dl J ii tee ry o) 
(GL(n),x) invertible n x n matrices _ u={ E ) =, bd CR, de of 

(SL(n), x) n xn matrices with determinant 1 0 d dl 
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Isomorphism classes for groups of orders 1 to 8 


Isomorphism classes for groups of orders 1 to 7 


Order Standard 


Distinguishing features 


Further examples 


group(s) (given the order of the group) 
1 Ci (40), +), AI}, x) 
2 Cy, Za SHO), (Z3, x3) 
3 C3, Zs S*(A), (10, 4,8), +12), ({1,4, 7}, x9) 
4 Ca Za Exactly 2 self-inverse elements. (ZE, x5), SHO), S(4), 
An element of order 4. ({0, 3, 6,9}, +12), ({1, —1, i, —2}, x) 
V, S(c) All elements self-inverse. (Us, x8), (U12, X12), 
(Note that V, like C4, is abelian.) ({1,7,9, 15}, x16), (41,9, 11, 19}, x20) 
5 Cs, Zs S*(O) 
6 Coe, Ze Abelian. St(O), (Z, x7), (Us, X9), (U14, X14) 
An element of order 6. ({0, 2, 4, 6,8, 10}, +12) 
S(A) Non-abelian. S3, le, (23), (24), (84), (234), (243)} 
7 Cy, Zr S* (heptagon) 


Where two sets of distinguishing features are given on separate lines in the same row of the 


table, either distinguishes the isomorphism class. 


Proposition B80 


There are five isomorphism classes for groups of order 8, as follows. 


Class 


oF WwW N FR 


Abelian/ 
non-abelian 
abelian 
abelian 
abelian 
non-abelian 


non-abelian 


Isomorphism classes for groups of order 8 


Numbers of elements of Example 
order 1 order 2 order 4 order 8 
1 1 2 4 (Zs, +8) 
1 7 0 0 S(cuboid) 
1 3 4 0 (Uis, X15) 
1 5 2 0 S(O) 
1 1 6 0 Qs 
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Group tables of symmetry groups 


S 


e a tu t 


b a e 


ala b e 


bib ea s 


C 


e a b 


C 


e a b 


c € 


ala b 


bib cea 


c eab 


138 


Quick reference 


Complex numbers: Cartesian, polar and exponential form 


Let ¿=x+iy=r(cos0 + ¿sin 0) = re’ 
21 = 21 + iy, = ri(cos0, + isin 01) = rye 
29 = 12 + iy2 = ralcos 09 + isin 62) = roe! 

Complex conjugate 

Cartesian form Z= xz —iy 


Z = r(cos@ + isin(—0)) 
(= r(cos 6 — isin 0)) 


Exponential form Z= re~ 


Cartesian form Use the usual rules of 
arithmetic to find 2,22 (with i? = —1). 


2122 = 1112 (cos(01 + 02) + ¿sin(01 + 02)) 
Exponential form 2,27 = ryrgetl 


(In each case, z Æ 0.) 


Cartesian form 


(cos(—0) + ¿sin(—0)) 


ZI RIF rl 


(cos — isin 0)) 
Exponential form 


(In each case, z2 Æ 0.) 


Cartesian form 
—(cos(b, — 02) +isin(@; — 02)) 
Exponential form 


Converting polar and exponential form to 
Cartesian form 


Use the equations 


Converting Cartesian form to polar and 
exponential form 


Find the modulus r, using r = |z| = y 2? + y?. 
Mark z on a sketch of the complex plane. Find the 
acute angle ¢ at the origin in the right-angled 
triangle formed by drawing the perpendicular from 
z to the real axis, using 


Ed 


cos ¢ = — 
m 


Hence find the principal argument. 


Sines and cosines of special angles 


ala 


Triangles for finding sines and cosines of special 
angles 


Useful trigonometric identities 


For any 0 € R, 
sin(r — 6) = sin 0, sin(—0) = — sin 9, 
cos(r — 0) = — cos,  cos(—0) = cos @. 


For any 01,02 ER, 


sin(01 + 02) = sin 6; cos 02 + cos 6; sin 62, 
cos(01 + 02) = cos 0; cos 02 — sin 6; sin 02. 
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Index of strategies 


Strategy Al 
Strategy A2 
Strategy A3 
Strategy A4 


Strategy B1 
Strategy B2 
Strategy B3 
Strategy B4 
Strategy B5 
Strategy B6 
Strategy B7 
Strategy B8 
Strategy B9 
Strategy B10 
Strategy B11 
Strategy B12 
Strategy B13 
Strategy B14 


Strategy C1 
Strategy C2 
Strategy C3 


Strategy C4 
Strategy C5 
Strategy C6 


Strategy C7 

Strategy C8 

Strategy C9 

Strategy C10 
Strategy C11 
Strategy C12 
Strategy C13 
Strategy C14 
Strategy C15 
Strategy C16 
Strategy C17 
Strategy C18 
Strategy C19 
Strategy C20 
Strategy C21 
Strategy C22 
Strategy C23 
Strategy C24 
Strategy C25 
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To show that two sets are equal 10 (19.) 
To show that one function is the inverse of another 
Graph-sketching strategy 28 (12.) 


11 (31.) 


Extended graph-sketching strategy 28 (13.) 

To determine the number of symmetries of a regular polyhedron 38 (40.) 
To determine the number of symmetries of a non-regular polyhedron 38 (40.) 
To find a subgroup of a symmetry group 39 (6.) 

To show that two groups are isomorphic 42 (22.) 

To show that two groups are not isomorphic 43 (24.) 

To find an isomorphism between two finite cyclic groups 43 (25.) 

To find the cycle form of a permutation 44 (3.) 

To find the composite of two permutations written in cycle form 45 (7.) 
To find the inverse of a permutation written in cycle form 45 (8.) 

To express a cycle as a composite of transpositions 46 (17.) 

To determine the parity of a permutation 47 (21.) 

To find a conjugating permutation 48 (27.) 

To find a conjugate subgroup in Sn using renaming 48 (30.) 

To determine the isomorphism class of a group of order 8 50 (7.) 

To row-reduce a matrix 52 (15.) 

To solve a system of linear equations using Gauss—Jordan elimination 53 (16.) 
To determine whether a square matrix is invertible, and to find its 

inverse if it is 56 (38.) 

To find the inverse of a 2 x 2 matrix 57 (42.) 

To evaluate the determinant of a square matrix 57 (46.) 

To determine whether a vector can be written as a linear combination 

of given vectors 60 (9.) 

To test whether a set of vectors is linearly independent 60 (11.) 

To determine whether a set of vectors is a basis using span 61 (12.) 

To determine whether a set of vectors is a basis using dimension 61 (16.) 
To test whether a subset of a vector space is a subspace 62 (20.) 

To express a vector in R in terms of an orthogonal basis 63 (22.) 

To express a vector in R” in terms of an orthogonal basis 63 (24.) 

To construct an orthonormal basis from an orthogonal basis 64 (29.) 

To determine whether a function is a linear transformation 65 (4.) 

To find the matrix of a linear transformation 66 (9.) 

To determine whether a linear transformation is invertible 67 (13.) 

To find a basis for the image of a linear transformation 68 (16.) 

To determine the eigenvalues and eigenvectors of a square matrix 69 (2.) 
To find the matrix of a linear transformation (same bases) 70 (6.) 

To diagonalise a square matrix 71 (11.) 

To find an eigenvector basis of a square matrix 72 (12.) 

To orthogonally diagonalise a symmetric matrix 72 (17.) 

To find an orthonormal eigenvector basis of a symmetric matrix 72 (18.) 
To write the equation of a conic in standard form 73 (22.) 

To write the equation of a quadric in standard form 74 (24.) 


Strategy D1 
Strategy D2 
Strategy D3 
Strategy D4 
Strategy D5 
Strategy D6 
Strategy D7 


Strategy D8 
Strategy D9 
Strategy D10 


Strategy D11 


Strategy D12 
Strategy D13 
Strategy D14 
Strategy D15 


Strategy El 
Strategy E2 
Strategy E3 
Strategy E4 
Strategy E5 
Strategy E6 
Strategy E7 


Strategy F1 
Strategy F2 


Strategy F3 


Strategy F4 
Strategy F5 
Strategy F6 
Strategy F7 
Strategy F8 
Strategy F9 
Strategy F10 
Strategy F11 


Strategy F12 


Strategy F13 


Index of strategies 


77 (16.) 
77 (17.) 


To show that M is the least upper bound (supremum) of a subset of R 
To show that m is the greatest lower bound (infimum) of a subset of R 


To show that a sequence is monotonic 78 (3.) 

To show that a sequence of positive terms is monotonic 79 (3.) 
To show that a sequence is null or not null 79 (5.) 

To show that a sequence is null using the Squeeze Rule 79 (8.) 


To evaluate the limit of a sequence whose nth term is a complicated 
quotient 80 (13.) 

To show that a sequence is divergent 82 (20.) 

To show that a series is divergent using the Non-null Test 84 (8.) 

To show that a series of non-negative terms is convergent or divergent using 
the Comparison Test 84 (9.) 

To show that a series of positive terms is convergent or divergent using 

the Limit Comparison Test 85 (10.) 

To show that a series is convergent using the Alternating Test 86 (14.) 
General strategy to determine whether a series is convergent or divergent 
To prove that a function is continuous or discontinuous at a point 88 (5.) 
To prove that a function has a continuous inverse function 91 (16.) 


To partition a finite group into left cosets of a subgroup 94 (8.) 

To partition a finite group into right cosets of a subgroup 94 (8.) 

To find a standard group isomorphic to a finite quotient group 96 (2.) 
To find a conjugate permutation, see Renaming method 47 (26.) 

To find all the normal subgroups of a finite group 98 (13.) 
To determine the conjugacy classes of a finite symmetry group 
To find the orbits of a group action on a finite set 105 (7.) 


To show that a limit of a real function does not exist 109 (2.) 

To evaluate the limit of a real function of the form g(f(x)) using 

the Composition Rule 110 (5.) 

To prove that a polynomial function is continuous at a point using 

the e-ô definition 113 (16.) 

To prove that a function is or is not uniformly continuous on an interval 
To prove that a function is not differentiable at a point 115 (2.) 
To find the maximum and minimum of a function on an interval 
To prove that a function is greater than or equal to another on an interval 
To find a primitive using integration by substitution 122 (13.) 
To find a primitive using integration by backwards substitution 
To find a primitive using integration by parts 123 (13.) 

To show that a Taylor polynomial approximates a function to a certain 
accuracy at a given point 125 (3.) 

To show that a Taylor polynomial approximates a function to a certain 
accuracy throughout an interval 125 (3.) 

To find the interval of convergence of a power series 


86 (15.) 


100 (18.) 


114 (22.) 


118 (14.) 
118 (16.) 


123 (13.) 


127 (6.) 
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Index 


Index entries referring to unit summaries are in 


the form ‘page number(item number)’. 


abelian (commutative) group 34(16), 59(5) 
Absolute Convergence Test, for series 86(13) 


absolute value of a real number 76(8) 
absolutely convergent series 86(13) 
abstract group 50(4) 
addition 

of complex numbers 15(15) 

of matrices 53(21) 

of vectors in R” 59(3) 
additive group 39(8) 
additive identity 

in Mmn 54(22) 

in € 16(20) 

inR 14(4) 

in Zn 19(39) 

in a vector space 59(4) 
additive inverse 

in Mmn 54(22) 

inC 16(20) 

inR 14(4) 

in Zn 19(39) 

in a vector space 59(4) 
additive notation (groups) 39(8) 
additivity of integrals 121(9) 
algebraically closed  17(30) 
alternating group An 47(23), 95(9) 
alternating harmonic series 126(4) 
Alternating Test, for series 86(14) 
angle between vectors 13(46) 
angle of rotation 32(4), 37(37) 
antiderivative 122(11) 
Antipodal Points Theorem 90(11) 
Archimedean Property 75(4) 
Argand diagram 15(14) 
argument (of a complex number) 17(23) 


arithmetic 
in Mm,n 53041), 54(22) 
inC 15(15) 


inR 14(4), 75(5) 
in Zn 19(39) 
associative binary operations 34(20) 


associativity 
in a group 34(15) 
of addition 
in Mmm  54(22) 
in a vector space 59(4) 
of addition and multiplication 
inC 16(20) 
inR 14(4) 
in Zp 19(39) 
of matrix multiplication 66(12) 
asymptote 27(9) 
asymptotic behaviour 
as z —> oo 111(11) 
basic results 111(11) 
Combination Rules 111(10) 
of functions 27(8) 
standard results 112(14) 
augmented matrix 52(10), 56(38) 
automorphism 100(2) 
axis of symmetry 32(4), 37(37) 


backwards substitution 19(43) 
integration by 123(13) 
basic continuous functions 89(10) 
basic limits 110(6) 
basic null sequences 80(9) 
basic series 85(12) 
basis 61(12) 
orthogonal 
in R3 62(22) 
in R3, finding 64(27) 
in R” 63(23) 
in R”, finding 63(25) 
proper subspace 64(26) 
orthonormal 64(29) 
strategy 
eigenvector 72(12) 
for Imt 68(16) 
orthonormal eigenvector 72(18) 
when the dimension is known 61(16) 
when the dimension is unknown 61(12) 
Basis Theorem 61(15) 
Bernoulli's Inequality 77(12) 
binary operation 34(15) 
binomial coefficient 76(11) 
generalised 128(9) 


Binomial Theorem 77(11) 
bisection method 90(12) 
blancmange function 

continuity 113(19) 

not differentiable 116(8) 
Bolzano—Weierstrass Theorem 114(22) 
bounded figure 32(1), 37(34) 
bounded function 91(15), 119(1) 

bounded above/below 119(1) 

integrability 121(8) 
bounded sequence 81(16) 
bounded set 77(15) 

above 77(13) 

below 77(14) 
Boundedness Theorem 91(15) 


Cancellation Laws 36(32) 


Cartesian form of a complex number  15(12) 


Cauchy’s Mean Value Theorem  119(17) 
Cayley table 35(22) 

Cayley’s Theorem 49(34) 

centre of a power series 126(5) 

centre of rotation 32(4) 

Chain Rule 117(9) 


characterisation of a normal subgroup 99(15) 
characteristic equation of a square matrix 69(2) 


circle 
as a plane set 10(15) 
equation of 9(5) 
parametrisation 31(27) 
closed interval 9(12) 
closure 38(4) 
in a group 34(15) 
of addition 
in Minn 54(22) 
in a vector space 59(4) 
of addition and multiplication 
inC 16(20) 
inR 14(4) 
in Zn 19(39) 
codomain 10(21) 
coefficient matrix 55(33) 
coefficients 
of a polynomial 14(6) 
of a power series 126(5) 
of a system of linear equations 51(2) 


cofactor 57(45) 
coloured figure 105(5) 
column vector 53(19) 
Combination Rules 
for limits 109(4) 
for ~ 124(19) 
for functions 
as z —> oo 112(13) 
continuous 88(6) 
differentiable 116(9) 
integrable 121(10) 
tending to infinity 111(10) 
for inequalities 76(9) 
for primitives 122(12) 
for sequences 
convergent 80(14) 
null 79(8) 
tending to infinity 81(19) 
for series, convergent 83(6) 
for Taylor series 127(7) 
common factor 19(42) 


common refinement (of partitions) 120(4) 


common trigonometric values 139 
commutative (abelian) group 34(16) 
commutativity 
in a vector space 59(4) 
of addition and multiplication 
inC 16(20) 
inR 14(4) 
in Zn 19(39) 
of addition in Mm,n 54(22) 
of composition of symmetries 33(9) 
commute 34(16) 
Comparison Test, for series 84(9) 
completed-square form  24(3) 
complex conjugate 16(16) 
pair 18(32) 
complex exponential function 18(33) 
complex numbers 15(11) 
argument 17(23) 
arithmetic of 15(15) 
Cartesian form 15(12) 
complex conjugate of 16(16) 
converting between different forms of 
17(24), 17(25), 139 
exponential form 18(34) 
modulus 16(17) 


Index 
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Index 
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complex numbers continued 
polar form  16(23) 
principal argument 17(23) 
real/imaginary part 15(11) 
complex plane 15(14) 
components of a vector 12(40) 
composite 
of permutations 45(7) 
of transpositions 46(17) 
composite function 11(30) 
composite number 19(41) 
Composition Rule 
for functions 
continuous 89(6) 
differentiable 117(9) 
finding a limit 110(5) 
for limits 109(4) 
asymptotic behaviour 112(15) 
for linear transformations 66(12) 
conclusion of an implication 20(4) 
congruence modulo an integer 18(37) 
conic (conic section) 29(17) 
general equation of 30(24) 
in standard position 135 
standard form 73(22) 
strategy 73(22) 
conjugacy 97(6) 
and normal subgroups 98(10) 
as an equivalence relation 97(7) 
in Sn 47(25) 
in a finite symmetry group 


and geometric type 99(16), 99(17) 


conjugacy class 97(7) 
and normal subgroups 98(13) 
in asymmetry group 
finding 100(18) 
of an abelian group 97(7) 
conjugate elements 97(6) 
in asymmetry group 99(16) 
order of 97(6) 
conjugate permutations 47(25) 
conjugate subgroups 48(29), 98(11) 
finding 48(30) 
conjugate, complex 16(16) 
conjugating element 97(6) 
conjugating permutation 47(25) 
finding 48(27) 


conjunction 20(3) 


consistent system of linear equations 51(3) 


constant function 24(3) 
constant sequence 78(3) 


constant term of a linear equation 51(1) 


continuity 
e-0 definition 112(16) 


using for a polynomial function 113(16) 


and differentiability 116(8) 

and limits 109(3) 

and one-sided limits 110(8) 

local property 89(7) 

sequential definition 88(5) 

uniform  114(22) 
continuous 

at a point 88(5) 

on aset 88(5) 
continuous functions 

basic 89(10) 

exponential 89(9) 

integrability 121(8) 

polynomial 88(6) 

rational 88(6) 

strategy 88(5) 

trigonometric 89(10) 
contradiction 22(20) 
contraposition, proof by 23(21) 
contrapositive of an implication 21(6) 
convention 

for drawing sets 10(16) 

for real functions 24(1), 87(1) 
convergent sequence 80(10) 
convergent series 83(2) 
converse of an implication 21(6) 
convex polyhedron 37(35) 
coordinates of a vector 61(13) 
coprime integers 19(42) 
corollary 20(1) 
cosecant function 25(4) 
cosech function 29(16) 
coset 

in an abelain group 94(6) 

in an additive group 94(7) 

left/right 93(2) 

method for finding 94(8) 
properties of 93(2) 

cosets of the kernel 103(11) 


cosh function 29(16) 
graph 129, 130 
inverse 92(17) 
properties of 131 
Taylor series for 134 
cosine function 
graph 129, 130 
inverse 92(17) 
properties of 131 
Taylor series for 126(4), 134 
cotangent function 25(4) 
coth function 29(16) 
counterexample 22(18) 
counting problem 108(19) 
Counting Theorem 108(18) 
cube (Platonic solid) 37(35) 
cubic equation 15(7) 
cubic function 25(3) 
graph 129 
curves of intersection (quadric) 74(23) 
cycle 45(12) 
as a composite of transpositions 46(17) 
length of 45(12) 
parity of 47(20) 
cycle form of a permutation 44(3) 
conventions for 44(6) 
cycle structure 46(13) 
of permutations in S3 and S4 46(14) 
cyclic group 41(17) 
(standard) of order n, Cn 42(20) 
from modular arithmetic 41(18) 
cyclic subgroup 40(13) 


de Moivre’s Theorem 17(26), 18(35) 
decimal 75(3) 
decreasing function 26(6), 88(4) 
decreasing sequence 78(3) 
definite integral 122(11) 
degenerate conic 29(17) 
degree 

of a permutation group 45(9) 

of a polynomial 14(6) 
Density Property 75(4) 
derivative 115(2), 132 
derived function 115(2) 
determinant 57(42), 57(46) 

nxn strategy 57(46) 

properties 58(47), 58(49), 58(52) 
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diagonal matrix 54(27) 

theorem 70(3) 

with respect to eigenvector basis 70(6) 
diagonalisation 71(9) 

orthogonal 72(15) 

strategy 71(11) 

orthogonal 72(17) 

difference 

between sets 10(20) 

between vectors 12(38) 
difference quotient 115(1) 
differentiable 115(2) 

left/right 116(5) 
differentiation 115(2) 
Differentiation Rule for Taylor series 128(8) 
dihedral group Dn 50(6) 
dilation of the plane 

matrix representation 64(2) 
dimension 

invertible linear transformation 67(13) 

of a vector space 61(16) 

familiar spaces 62(19) 

Dimension Theorem 68(18) 
direct proof 21(12) 
direct symmetries, group of, S*(F) 39(6) 
direct symmetry 33(12), 37(39) 
directrix 29(18) 
Dirichlet function 113(17) 
disc 10(15) 

symmetries of 33(11) 
discontinuous at a point 88(5) 
disjoint cycles 44(3) 
disjoint sets 10(20) 
disjunction 20(3) 
distance formula 

for C 16(18) 

for R? 9(4) 

for R? 9(7) 
distributivity 

in Man 55(35) 

inC 16(20) 

inR 14(4) 

in Zn 19(39) 

in a vector space 59(4) 

matrix multiplication 54(26) 

scalar multiplication 54(24) 
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divergent sequence 81(16) 
strategy for proving 82(20) 
divergent series 83(2) 
division of complex numbers 
in Cartesian form 16(19) 
in polar form 17(26) 
Division Theorem  18(36) 
divisor 18(36) 
dodecahedron 37(35) 
domain 10(21) 
dominant term 
of a polynomial 27(10) 


of a quotient (functions) 111(12) 
of a quotient (sequences) 80(13) 


dominated sequence 79(7) 


dot product see scalar product 13(44) 


double tetrahedron 46(16) 


E-coordinate 61(13) 
eccentricity 29(18) 
eigenspace 70(4) 
eigenvalue 69(1) 


of a diagonal or triangular matrix 70(3) 


strategy for finding 69(2) 

sum equal to trace 70(3) 

theorem (symmetric matrix) 
eigenvector 69(1), 69(2) 

strategy for finding 69(2) 
eigenvector basis 70(6) 

of a matrix 71(10) 

strategy for finding 72(12) 

orthonormal 72(18) 

theorem 70(6), 72(12) 
eigenvector equations 69(2) 
element of a set 9(8) 
elementary matrix 56(40) 

inverse of 56(41) 

theorem 56(40), 58(48) 
elementary operation 51(6) 
elementary row operation 52(11) 
ellipse 29(18), 30(21), 135 

classifying 73(22) 

in standard position 135 

parametrisation 31(27) 
ellipsoid 135 

classifying 74(24) 
elliptic cone 135 

classifying 74(24) 


elliptic paraboloid 135 

classifying 74(24) 
empty set 9(9) 
e-0 (epsilon-delta) definition 

of a limit 114(20) 

of continuity 112(16) 
equality 

of matrices 53(21) 

of sets 10(17) 

of vectors 12(34), 12(41) 
equivalence 21(7) 
equivalence class 23(29) 

representative of 24(31) 
equivalence relation 23(26) 
error bound  125(3) 


error term (of a Taylor polynomial) 


Euclid’s Algorithm  19(43) 
Euclidean space 59(2) 
three-dimensional 9(6) 
two-dimensional 9(1) 
Euler's Formula 18(33) 
Euler’s Identity 18(33) 
even function 26(6) 
even permutation 46(19) 
even subsequence 82(20) 
existential quantifier 21(9) 
existential statement 21(9) 


exponential form (of a complex number) 
exponential function 25(3), 87(16) 


complex 18(33) 

graph 129, 130 

inequalities 89(9) 

inverse 92(17) 

properties 28(15) 

Taylor series for 126(4), 134 
Exponential Inequalities 89(9) 


extreme value of a function 91(15) 


local 117(12) 
on an interval 117(11) 
Extreme Value Theorem 91(15) 


factor group 96(2) 

factor of a polynomial 15(9) 
Factor Theorem 15(9), 18(31) 
factorial 3 

faithful group action 104(2) 


field 14(5), 16(21), 20(45), 34(18), 75(5) 


125(3) 


18(34) 


figure 32(1), 37(34) 

coloured 105(5) 
finite decimal 75(3) 
finite dimension (vector space) 61(14) 
finite group 34(17) 
finite set 9(9) 
First Derivative Test 27(7) 
First Isomorphism Theorem 103(12) 
First Subsequence Rule 82(20) 
fixed point set of asymmetry 99(17) 
fixed set of a group element 108(16) 
fixed symbol in a permutation 44(4) 
focus 29(18) 
focus-directrix definitions of conics 29(18) 
formulas for 7 82(23), 123(16), 128(11) 
fractional part of a real number 96(4) 
function 10(21) 

bounded 119(1) 

bounded above/below 119(1) 

codomain 10(21) 

composite 11(30), 87(3) 

constant 24(3) 

continuous and integrability 121(8) 

cubic 25(3) 

domain 10(21) 

even/odd 26(6) 

exponential 25(3) 

greatest lower bound 119(2) 

hybrid 28(14) 

hyperbolic 29(16) 

identity 11(23) 

image 10(21) 

image set 11(24) 

increasing/decreasing 26(6), 88(4) 

infimum 119(2) 

integer part 25(3) 

inverse 11(27) 

least upper bound 119(2) 

linear 24(3) 

linear rational 25(3) 

local maximum/minimum 117(12) 

lower bound 119(1) 

many-to-one 11(26) 

maximum/minimum 91(15) 

local 26(7) 
on an interval 117(11), 119(1) 
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function continued 
monotonic 88(4) 
and integrable 121(8) 
multiple 87(3) 
one-to-one 11(26) 
onto 11(25) 
periodic 26( 
product 87(3) 
quadratic 24 
quotient 87( 
rational 28(11) 
real 11(22) 
convention 24(1), 87(1) 
reciprocal 25(3) 
restriction 11(29) 
rule 10(21) 
rules for continuous functions 88(6) 
strictly increasing/decreasing 88(4) 
sum 87(3) 
supremum 119(2) 
upper bound 119(1) 
Fundamental Theorem of Algebra 17(30) 
Fundamental Theorem of Arithmetic 23(23) 
Fundamental Theorem of Calculus 122(11) 


Gauss-Jordan elimination 51(7) 
General Binomial Theorem  128(9) 
general equation of a conic 30(24) 
general linear group 93(1) 
general strategy for series 86(15) 
generalised binomial coefficient 128(9) 
generator 

of (Zn, tn) 41(18) 

of a cyclic group/subgroup 40(13) 
geometric series 

finite 83(4) 

infinite 83(4) 
Geometric Series Identity 23(22) 
geometric type (symmetries) 99(16) 
glide-reflection 32(3) 
Glue Rule for functions 

continuous 89(6) 

differentiable 116(6) 
gradient 115(1) 
Gram-Schmidt orthogonalisation 63(25) 
graph-sketching strategy 28(12), 28(13) 
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greatest lower bound higher-order derivative 115(3) 
function 119(2) highest common factor (HCF) 19(42) 
set 77(17) homogeneous system of linear equations 51(4) 
strategy for checking 77(17) homomorphism  100(1) 
Greatest Lower Bound Property of R  77(17) and quotient groups 103(12) 
Greek alphabet 4 effect on the order of an element 101(6) 
group 34(15) linear transformation as 101(5) 
abelian/non-abelian 34(16) one-to-one 102(9) 
abstract 50(4) properties of 101(6), 102(8) 
additive 39(8) trivial 101(4) 
alternating 95(9) homomorphism property 100(1) 
axioms 34(15) horizontal point of inflection 27(7) 
cyclic 41(17) hybrid function 28(14) 
dihedral 50(6) hyperbola 29(18), 30(22), 135 
finite, infinite families of 136 classifying 73(22) 


finite/infinite 34(17) 


in standard position 135 
general linear 93(1) 


parametrisation 31(27) 


infinite groups of matrices 136 rectangular 30(23) 
invertible n x n matrices 55(37) hyperbolic functions 29(16) 
isomorphic 42(19) eraphs 129, 130 

Klein four-group 42(20) inverse 92(17) 


multiplicative 39(8) 


properties of 131 
(Mmn,+) 54(23) 


: hyperbolic paraboloid 135 
non-cyclic 41(17) classifying 74(24) 
of order up to 8 137 h boloid 135 
, yperbolo 
of symmetries 104(4) classifying 74(24) 
order of 34(17) 
permutation 45(10) 
quaternion 50(6) 
special linear 93(1) 
standard cyclic 42(20) 
standard small 136 
symmetric 45(9) 
symmetry 37(38) 
(Un, Xn) 36(28) 
(Za, +n) 36(28), 41(18) 
(Zt, xp) 36(28) 
group action 104(1) 
and left cosets 106(11) 


hypothesis of an implication 20(4) 


icosahedron 37(35) 
identity element (identity) 34(15) 
in a quotient group 96(2) 
in a subgroup 38(3) 
in a vector space 59(4) 
order of 40(11) 
subgroup generated by 41(15) 
identity function 11(23) 
identity matrix 
additive 54(22) 


axioms 104(1) multiplicative 54(30) 

faithful 104(2) identity permutation 44(5) 

natural 104(3) identity symmetry 32(4), 33(10), 37(37) 
group table 35(22), 138 identity transformation 65(7) 

properties 36(33) mage 

of a coloured figure 105(5) 

half-open/half-closed interval 9(12) of a figure 104(4) 
half-plane 10(14) of a set under a function 11(24) 
harmonic series 85(12) of an element under a function 10(21) 
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image (image set) of a homomorphism 102(7), 
103(12) 

order of 103(12) 

properties of 102(7), 102(8) 
image set 

of a function 11(24) 

of a linear transformation 67(15) 

finding a basis 68(16) 

imaginary axis 15(14) 
imaginary number 15(12) 
imaginary part (of a complex number) 15(11) 
implication 20(4) 

contrapositive of 21(6) 
inconsistent system of linear equations 51(3) 
increasing function 26(6), 88(4) 
Increasing-Decreasing Theorem 118(16) 

for proving inequalities 118(16) 
increasing /decreasing criteria 26(6) 
increasing /decreasing sequence 78(3) 
indefinite integral 122(11) 
Index Laws 

for exponential functions 92(18) 

for group elements 40(9) 

for numbers 78(20) 
index of a subgroup 94(5) 
indirect symmetry 33(12), 37(39) 
induction, proof by 22(19) 
inequalities 

for natural numbers 77(12) 

for real numbers 76(10) 

rules for rearranging 76(6) 
Inequality Rules for integrals 123(15) 


infimum 
function 119(2) 
set 77(17) 


infinite decimal 75(3) 
infinite dimension (vector space) 61(14) 
infinite group 34(17) 
infinite index 94(5) 
infinite order 
of a group 34(17) 
of an element 40(10) 
infinite series 83(1) 


Index 


infinite set 9(9) 
integer 75(1) 
integer multiples, set of 41(16) 
integer part function 25(3) 
graph 129 
integrable 120(6) 
integral 120(6) 
Integral Test, for series 124(17) 
integrand 122(11) 
integration 
by backwards substitution 123(13) 
by parts 123(13) 
by substitution 122(13) 
Integration Rule for Taylor series 128(8) 
intercept 26(6) 
interior (of an interval) 118(16) 
interior point (of an interval) 114(21) 
Intermediate Value Theorem 90(11) 
intersection of sets 10(20) 
interval 9(12) 
interval of convergence 127(5) 
finding 127(6) 
inverse 
in a group 34(15) 
of a composite 36(31) 
of an inverse 36(31) 
order of 40(10) 
in a quotient group 96(2) 
in a subgroup 38(3) 
of a linear transformation 66(13) 
of a matrix 
additive 54(22) 
multiplicative, 2x 2 57(42) 
multiplicative, finding 56(38) 
multiplicative, square 55(36) 
of a permutation 45(8) 
of asymmetry 33(10) 
inverse function 11(27) 
definitions for various functions 92(17) 
graphs 130 
Inverse Function Rule 91(16), 117(9) 
inverse hyperbolic functions 92(17) 
graphs 130 
Inverse Rule 67(13) 
inverse trigonometric functions 92(17) 
graphs 130 
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invertibility 
of a linear transformation 66(13) 
strategy 67(13) 
of a matrix 58(50) 
strategy 56(38) 
Invertibility Theorem 56(38) 
irrational number 14(2), 75(4) 
isometry 32(2), 37(36) 
isomorphic groups 42(19), 42(22), 43(24) 
isomorphism 42(19) 
as an equivalence relation 42(21) 
finding 42(22), 43(25) 
inverse of 100(2) 
of cyclic groups 43(25) 
properties of 43(23) 
vector spaces 67(14) 
isomorphism class 42(21) 
for groups of orders up to 8 137 


kernel 
of a homomorphism 102(9), 103(12) 
cosets of 103(11) 
order of 103(12) 
properties of 102(9) 
of a linear transformation 68(17) 
Klein four-group V 42(20) 


Lagrange's Theorem 49(1), 107(13) 
leading diagonal see main diagonal 35(22), 
54(27) 
least residue 100(3) 
least upper bound 
function 119(2) 
set 77(16) 
strategy for checking 77(16) 
Least Upper Bound Property of R 77(16) 
left coset 93(2) 
method for finding 94(8) 
properties of 93(2) 
left derivative 116(5) 
left differentiable 116(5) 
left limit 110(7) 
Leibniz notation 115(4) 
lemma _ 20(1) 
length of a cycle 45(12) 


length of subinterval 120(4) 
VH6pital’s Rule 119(18) 
Limit Comparison Test 84(10) 
strategy for series 85(10) 
Limit Inequality Rule 81(15) 
limit of a function 
e-0 definition 114(20) 
basic results 110(6) 
Combination Rules 109(4) 
Composition Rule 109(4) 
finding using the Composition Rule 110(5) 
from the left/right  110(7) 
one-sided 110(7) 
Reciprocal Rule 111(10) 
sequential definition 109(2) 
showing a limit does not exist 109(2) 
Squeeze Rule 109(4) 
limit of a sequence 80(10) 
involving a quotient, finding 80(13) 
limits of integration 120(6) 
line in R? 9(2), 51(1) 
as aset 10(14) 
parametrisation 31(26) 
vector equation of 13(43) 
line in R3, vector equation of 13(43) 
linear combination of vectors 60(7) 
linear dependence 60(11) 
linear equation 15(7) 
linear function 24(3) 
linear independence 60(11) 
linear rational function 25( 
linear transformation 65(4) 
as a homomorphism 101(5) 
image set of 67(15) 
kernel of 68(17) 
of a combination of vectors 65(6) 
of the plane 64(1) 
strategy 
for checking 65(4) 
for invertibility 67(13) 
for matrix 66(9) 
for matrix (same basis) 70(6) 
theorem 65(5) 
matrix unique 65(8) 
local extreme value 117(12) 
Local Extreme Value Theorem 117(13) 
local maximum/minimum 26(7), 117(12) 


3) 


local property 

continuity 89(7) 

differentiability 116(7) 
logarithm function 92(17) 

graph 129, 130 

Taylor series for 126(4), 134 
lower bound 

of a function 119(1) 

of a set 77(14) 

greatest 77(17) 

lower integral 120(6) 
lower Riemann sum  120(5) 
lower triangular matrix 54(29) 


magnitude of a vector 12(32), 13(41), 64(28) 
main diagonal 
of a Cayley table 35(22) 
of a matrix 54(27) 
many-to-one function 11(26) 
mapping 10(21) 
mathematical induction 22(19) 
matrix 52(9) 
arithmetic 53(21) 
determinant 57(42) 
diagonal 54(27) 
elementary 56(40) 
groups 136 
leading entry of a row 52(9) 
multiplication 54(25) 
associative 66(12) 
of a linear transformation 
finding 66(9) 
finding (same basis) 70(6) 
unique 65(8) 
operations 53(21), 54(25), 55(31) 
properties 58(52) 
transpose 55(31) 
matrix form of system of linear equations 
55(33) 
matrix representation of a linear transformation 
65(8) 
maximum element of a set 77(13) 
maximum/minimum, of a function 91(15) 
finding 118(14) 
local 26(7), 117(12) 
on an interval 117(11), 119(1) 
Mean Value Theorem 118(15) 
member of a set 9(8) 


mesh (of a partition) 120(4) 
minimal spanning set 60(10) 
minimum element of a set 77(14) 
modular arithmetic 19(38) 
groups from 36(28) 
modulus 
of a complex number 16(17) 
of a congruence 18(37) 
of a real number 9(3), 76(8) 
properties of 76(8) 
modulus function 25(3) 
graph 129 
Modulus Rule 121(9) 
Monotone Convergence Theorem 82(22) 
monotonic function 88(4) 
integrability 121(8) 
monotonic sequence 78(3) 
strategies for proving 78(3) 
Monotonic Sequence Theorem 82(22) 
multiple of a group element 39(7) 
in an additive group 39(8) 
Multiple Rule 
for ~ 124(19) 
for functions 
continuous 88(6) 
differentiable 116(9) 
integrable 121(10) 
tending to infinity 111(10) 
for limits 109(4) 
for primitives 122(12) 
for sequences 
null 79(8) 
tending to infinity 81(19) 
for series 
convergent 83(6) 
diveregent 83(7) 
for Taylor series 127(7) 
multiplication 
of complex numbers 
in Cartesian form 15(15) 
in polar form 17(26) 
of matrices 54(25) 
associativity 66(12) 
of square matrices 55(34) 
scalar, of vectors 59(3) 
Multiplication Principle 108(15) 
multiplicative group 39(8) 
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multiplicative identity 

in Man 55(34) 

inC 16(20) 

inR 14(4) 

in Zn 19(39) 

of a matrix 55(34) 
multiplicative inverse 

inC 16(20) 

inR 14(4) 

in Zn 19(40), 19(42) 

in Zp 20(44) 

of a matrix 55(36) 
multiplicative notation (groups) 39(8) 
multiplicity of an eigenvalue 70(5) 


natural action of a group 104(3) 
natural number 75(1) 
n-dimensional space 59(2) 
negation 20(2) 
negative 
of a complex number  16(20) 
of a matrix 53(21) 
of a real number 14(4) 
of a vector 12(35) 
negative (function on an interval) 26(6) 
n-gon 32(6) 
non-abelian group 34(16) 
non-cyclic group 41(17) 
non-degenerate conic 29(17) 
in standard position 135 
non-degenerate quadric 74(24) 
non-homogeneous system of linear equations 
51(4) 
Non-null Test, for series 84(8) 
non-terminating decimal 75(3) 
non-trivial solution 51(4) 
normal (vector) 13(49) 
normal subgroup 95(9) 
and conjugacy classes 98(13) 
and conjugates 98(10) 
characterisations of 99(15) 
finding 98(13), 99(15) 
using to form a quotient group 96(2) 
normality of a subgroup 98(10) 


notation, multiplicative/additive groups 39(8) 


nth partial sum 83(1) 
nth root 78(19) 
as an inverse function 92(17) 
graph 130 
nth term 
of a sequence 78(1) 
of a series 83(1) 
n-tuple 59(2) 
null sequence 79(5) 
basic 80(9) 


octahedron 37(35) 
odd function 26(6) 
odd permutation 46(19) 
odd subsequence 82(20) 
one-sided limit 110(7) 
one-to-one correspondence 11(28) 
one-to-one function 11(26) 
onto function 11(25) 
open interval 9(12) 
orbit 
of a group action on R? 106(8) 
of a set element 105(7) 
Orbit-Stabiliser Theorem  106(10) 
order 
of a group 34(17) 
of a group element 40(10), 49(2) 
finite/infinite 40(10) 
in (Zn, +n) 41(18) 
of a permutation 
finding 46(15) 
order properties 
of Q 75(2) 
of R 75(4) 
orthogonal basis 
in R? 62(22) 
expressing vectors 63(22) 
finding 64(27) 
in R” 63(23) 
expressing vectors 63(24) 
finding 63(25) 
proper subspace 64(26) 
orthogonal diagonalisation 72(15) 
strategy 72(17) 
orthogonal eigenvector, theorem 72(18) 
orthogonal matrix 72(14) 
theorem 73(19) 


orthogonal set 
in R3 62(22) 
in R” 63(23) 
orthogonal vectors 
in R? 62(22) 
in R” 63(23) 
orthogonalisation (Gram-Schmidt) 63(25) 
orthonormal basis 64(29), 72(14) 
constructing 64(29) 
orthonormal eigenvector basis 
strategy for finding 72(18) 


parabola 29(18), 29(20), 135 

classifying 73(22) 

graph 129 

in standard position 135 

parametrisation 31(27) 
parallel lines 9(2) 
Parallelogram Law for vector addition 12(37) 
parameter 31(25) 
parametric equations 31(25) 
parametrisation 31(25) 

of a circle 31(27) 

of a hyperbola 31(27) 

of a line 31(26) 

of a parabola 31(27) 

of an ellipse 31(27) 
parity 46(19), 47(21) 

of a cycle 47(20) 

of a permutation 46(19) 
Parity Theorem 46(19) 
partition 120(4) 

common refinement 120(4) 
partition of a set 23(28) 
periodic function 26(6) 
permutation 44(1), 104(2) 

composing 45(7) 

conjugating 47(25) 

finding 48(27) 

cycle form of 44(3) 

even/odd 46(19) 

inverse of 45(8) 

parity of 46(19) 

two-line form of 44(2) 
permutation group 45(10) 

representing a group as 49(34) 
permutation method for finding fixed sets 

108(17) 
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permuting the elements of a set 104(2) 
perpendicular lines 9(2) 
perpendicular vectors 13(48), 63(23) 
plane figure 10(13), 32(1) 
plane in R, equation of 13(50), 51(1) 
plane of reflection 37(37) 
plane set 10(13) 
Platonic solid 37(35) 
point of inflection, horizontal 27(7) 
polar form (of a complex number) 16(23) 
polygon (n-gon) 32(6) 
polyhedron 37(35) 
number of symmetries of 38(40) 
polynomial 14(6) 
with real coefficients 18(32) 
zeros of 15(8) 
polynomial equation 15(7) 
polynomial function 27(10) 
coefficient of dominant term 27(10) 
dominant term 27(10) 
using ¢-6 definition to show continuity 
113(16) 
position vector 13(42) 
positive (function on an interval) 26(6) 
power function, graph 130 
power of a group element 39(7), 40(10) 
Power Rule for null sequences 79(8) 
power series 126(4), 126(5), 134 
interval of convergence 127(5) 
radius of convergence 126(5) 
Ratio Test 127(6) 
powers of a matrix 54(28) 
finding, using diagonalisation 72(13) 
prime (number) 19(41) 
prime order, group of 49(3) 
primitive 122(11), 133 
Combination Rules 122(12) 
Uniqueness Theorem 122(11) 
principal argument (of a complex number) 
17(23) 
Principle of Mathematical Induction 22(19) 
product 
of disjoint cycles 44(3) 
of matrices 54(25) 
associative 66(12) 
of real numbers 78(18) 
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Product Rule 
for ~ 124(19) 
for functions 
continuous 88(6) 
differentiable 116(9) 
integrable 121(10) 
tending to infinity 111(10) 
for inequalities 76(9) 
for limits 109(4) 
for sequences 
null 79(8) 
tending to infinity 81(19) 
for Taylor series 127(7) 
proof 
by contradiction 22(20) 
by contraposition 23(21) 
by exhaustion 21(13) 
by induction 22(19) 
direct 21(12) 
proper subgroup 38(2) 
proper subset 10(18) 
properties of homomorphisms 101(6) 
proposition 20(1) 
punctured neighbourhood 109(1) 


quadratic equation 15(7) 
quadratic function 24(3) 
quadric 74(23), 135 
non-degenerate 74(24) 
standard form 74(23) 
standard position 74(23) 
strategy 74(24) 
quantifier, existential/universal 21(9) 
quaternion group Qs 50(6) 
quotient 18(36) 
of complex numbers 
in Cartesian form 16(19) 
in polar form 17(26) 
quotient group 96(2) 
and homomorphisms 103(12) 
of Z 96(3) 
of R by N 96(5) 
Quotient Rule 
for ~ 124(19) 
for functions 
continuous 88(6) 
differentiable 116(9) 
integrable 121(10) 
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Quotient Rule continued 
for limits 109(4) 


r-cycle 45(12) 
radius of convergence 126(5) 
Radius of Convergence Theorem 126(5) 
range of validity (Taylor series) 126(4) 
Ratio Test 
for power series 127(6) 
for series 85(11) 
rational function 28(11) 
rational number 14(2), 75(1) 
rationals 14(2) 
real axis 15(14) 
real function 11(22) 
real line 14(1), 75(4) 
real number 75(4) 
real part (of a complex number) 15(11) 
real polynomial 14(6) 
real vector space 59(4) 
reciprocal 14(4) 
of a complex number 16(20), 139 
reciprocal function 25(3) 
graph 129 
Reciprocal Rule 
for functions as x > co  112(13) 
for limits 111(10) 
for sequences 81(19) 
rectangular hyperbola 30(23) 
recurrence relation 123(14) 
recurring decimal 75(3) 
reduction formula 123(14) 
refinement (of a partition) 120(4) 
reflection 
in R? 32(4) 
matrix representation 64(2) 
in R3 37(37) 
reflexive property (reflexivity) 23(26) 
regular polygon 32(6) 
regular polyhedron 37(35) 
number of symmetries of 38(40) 
relation 23(25) 
relatively prime integers 19(42) 
remainder 18(36) 
remainder estimate 125(3) 
remainder term (of a Taylor polynomial) 
125(3) 
renaming method 47(26) 


representative of an equivalence class 24(31) 
restriction of a function 11(29) 
continuity 89(7) 
differentiability 116(7) 
Riemann function 113(18) 
Riemann sums, lower and upper 120(5) 
Riemann’s Criterion 121(7) 
Right Cancellation Law 36(32) 
right coset 93(2) 
method for finding 94(8) 
properties of 93(2) 
right derivative 116(5) 
right differentiable 116(5) 
right limit 110(7) 
Rolle’s Theorem 118(14) 
root 
of a complex number 17(28) 
of a polynomial 15(8), 17(27) 
of a real number 78(19) 
as an inverse function 92(17) 
of unity 17(29) 
root function, graph 130 
rotation 
in R? 32(4) 
matrix representation 64(2) 
in R3 37(37) 
trivial/non-trivial 32(5) 
row vector 53(19) 
row-reduced matrix 52(13) 
row-reduction strategy 52(15) 
row-sum check 52(12) 
rule of a function 10(21) 
rules for rearranging inequalities 76(6) 


sawtooth function 113(19) 
scalar 12(32) 
scalar multiple 
of a matrix 53(21) 
of a vector 12(36), 13(41), 59(3) 
scalar multiplication 
in R? and R3 59(1) 
scalar product 13(44) 
in R” 63(23) 
scaling 
of a graph 25(5) 
of the plane, matrix representation 64(2) 


Scaling Rule for primitives 122(12) 
secant function 25(4) 
sech function 29(16) 
second derivative 115(3) 
Second Derivative Test 27(7), 118(16) 
second derived function 115(3) 
Second Subsequence Rule 82(20) 
self-inverse element 35(23) 
in a Cayley table 35(24) 
order of 40(11) 
subgroup generated by 41(15) 
sequence 78(1) 
bounded 81(16) 
consists of two subsequences 82(21) 
constant 78(3) 
convergent 80(10) 
converging to 1 80(12) 
definitions of e and m 82(23) 
divergent 81(16) 
increasing/decreasing 78(3) 
limit of 80(10) 
monotonic 78(3) 
nth term of 78(1) 
null 79(5) 
strictly increasing/decreasing 78(3) 
tends to infinity 81(17) 
unbounded 81(16) 
sequence diagram 78(2) 
series 83(1) 
absolutely convergent 86(13) 
convergent 83(2) 
general strategy 86(15) 
geometric 83(4) 
set 9(8) 
set composition 95(1) 


of cosets of a normal subgroup 95(1), 96(2) 


set of representatives 24(31) 


shear of the plane, matrix representation 64(2) 


sigma notation 83(3) 
sign of an integral 121(9) 
sine function 
graph 129, 130 
inverse 92(17) 
properties of 131 
Taylor series for 126(4), 134 
Sine Inequality 89(8) 
singleton 9(9) 
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sinh function 29(16) 
graph 129, 130 
inverse 92(17) 
properties of 131 
Taylor series for 134 

size (matrix) 52(9) 

solid (solid figure) 37(34) 

solution set 9(11) 


of a system of linear equations 51(2) 


of an inequality 76(7) 
Solution Set Theorem 68(17) 
span 60(8) 
spanning set 60(8) 

minimal 60(10) 

span of a subset 62(20) 
special angles, trigonometric values 
special linear group 93(1) 


square matrix 53(17), 55(32), 69(2), 73(19) 


invertibility 58(50) 
theorem 58(49), 58(50) 
square root of a negative real number 
Squeeze Rule 
for limits 109(4) 
for functions 
as z > œo 112(13) 
continuous 89(6) 
for sequences 
convergent 81(15) 
null 79(8) 
tending to infinity 81(19) 
stabiliser of a set element 106(9) 
standard bases 62(18) 
standard coordinates 61(13) 
standard form 
of a conic 73(22) 
strategy 73(22) 
of a quadric 74(23) 
strategy 74(24) 
standard groups 
of matrices 136 
of numbers 36(27), 136 
finite 36(28) 
of small order 136 
standard partition 120(4) 
standard position 
of a circle 29(19) 
of a hyperbola 29(19) 


standard position continued 
of a parabola 29(19) 
of an ellipse 29(19) 
quadric 74(23) 
statement 20(1) 
existential/universal 21(9) 
stationary point 26(7), 117(13) 
Stirling's Formula 124(20) 
straight line graph 129 
stretching see scaling 25(5) 
strict inequality 75(2) 


strictly increasing/decreasing function 26(6), 


88(4) 


strictly increasing/decreasing sequence 


strictly monotonic function 88(4) 
strictly monotonic sequence 78(3) 
subgroup 38(1) 
properties 38(4) 
conjugate 48(29), 98(11) 
cyclic 40(13) 
finding 49(33) 
generated by an element 40(13) 
normal 95(9) 
of (Zn, +n) 41(18) 
of S4 48(31) 
of asymmetry group 39(6) 
proper 38(2) 
test 38(4) 
trivial 38(2) 
subinterval (of a refinement) 120(4) 
length of 120(4) 
submatrix 57(44) 
subsequence 82(20) 
even/odd 82(20) 
Subsequence Rules 82(20) 
subset 10(18) 
subspace 62(20) 
strategy for checking 62(20) 
subtraction 
of complex numbers 15(15) 
of matrices 53(21) 
of vectors 13(41) 
sum 
of real numbers 78(18) 
of series 83(2) 
sum function (Taylor series) 126(4) 


78(3) 


Sum Rule 
for ~ 124(19) 
for convergent series 83(6) 
for functions 
continuous 88(6) 
differentiable 116(9) 
integrable 121(10) 
tending to infinity 111(10) 
for inequalities 76(9) 
for limits 109(4) 
for primitives 122(12) 
for sequences 
null 79(8) 
tending to infinity 81(19) 
for Taylor series 127(7) 


supremum 
function 119(2) 
set 77(16) 


symbols being permuted 44(1) 
symmetric group Sn 45(9) 
elements of S3 and S4 46(14) 
subgroups of S4 48(31) 
symmetric matrix 55(32) 
strategy, diagonalisation 72(18) 
theorem 72(18) 
symmetric property (symmetry) 23(26) 
symmetry group (of a figure) 37(38) 
finding subgroups of 39(6) 
small groups 138 
symmetry of a figure 32(2), 37(36) 
system of linear equations 51(2) 
matrix form 55(33) 
number of solutions 69(19) 
solution set 51(2) 


table of signs 26(6), 27(7) 
tangent approximation 125(1) 
tangent function 25(4) 
graph 129, 130 
inverse 92(17) 
inverse function 
graph 130 
Taylor series for 134 
properties of 131 
tanh function 29(16) 
graph 129, 130 
inverse 92(17) 
properties of 131 
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Taylor polynomial 125(2) 
approximation using 125(3) 
Taylor series 126(4) 
Differentiation Rule 128(8) 
Integration Rule 128(8) 
Multiple Rule 127(7) 
Product Rule 127(7) 
Sum Rule 127(7) 
Uniqueness Theorem  128(10) 
valid 126(4) 
Taylor’s Theorem 125(3) 
telescoping series 83(5) 
terminating decimal 75(3) 
tetrahedron 37(35) 
symmetry group of 48(32) 
theorem 20(1) 
three-dimensional Euclidean space 9(6) 
trace of a matrix 70(3) 
transition matrix 70(7), 71(8) 
transitive property (transitivity) 23(26) 
Transitive Property of real numbers  75(4) 
Transitive Rule for inequalities 76(9) 
translation 
of a graph 25(5) 
of the plane 65(3) 
transpose of a matrix 55(31) 
transposition 45(12) 
Triangle Inequality 76(9) 
backwards form 76(9) 
for integrals 123(15) 
infinite form 86(13) 
Triangle Law for vector addition 12(37) 
triangular matrix 54(29) 
eigenvalues of 70(3) 
Trichotomy Property 75(4) 
trigonometric functions 25(4) 
graphs 129, 130 
inverse 92(17) 
properties of 131 
trigonometric identities 131, 139 
trivial homomorphism  101(4) 
trivial rotation 32(5) 
trivial solution 51(4) 
trivial subgroup 38(2) 
twice differentiable function 115(3) 
two-dimensional Euclidean space 9(1) 
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two-line form of a permutation 44(2) 
two-line symbol for asymmetry 34(13) 


unbounded sequence 81(16) 
unbounded set 77(15) 
uniform continuity 114(22) 
union of sets 10(20) 
Uniqueness Theorem for power series 128(10) 
Uniqueness Theorem for Primitives 122(11) 
unit circle 10(15) 
unit vector 12(39) 
unity, roots of 17(29) 
universal quantifier 21(9) 
universal statement 21(9) 
unknown 
of a linear equation 51(1) 
of a system of linear equations 51(2) 
upper bound 119(1) 
least 77(16) 
ofa set 77(13) 
upper integral 120(6) 
upper Riemann sum 120(5) 
upper triangular matrix 54(29) 


valid (Taylor series) 126(4) 
vanish (of a function) 90(13), 117(13) 
variable proposition 20(1) 
vector 12(32) 
vector addition 

in R? and R? 59(1) 
vector space 

axioms 59(4) 

definition 59(4) 

subspace 62(20) 


Wallis’ Formula 123(16) 
weak inequality 75(2) 
wedge symbol A 104(1) 


Zero 
of a function 26(6), 90(13) 
of a polynomial 15(8), 17(27) 
locating 90(14) 
Zero Derivative Theorem 118(16) 
zero determinant 58(49), 58(50), 58(51) 
zero matrix 53(21) 
zero transformation 65(7) 
zero vector 12(33), 12(41), 65(4) 


